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ABSTRACT

We study the nonlinear dynamics of a density current generated by a diabatic source in a

rotating and in a non-rotating system, in the presence and in the absence of frictional losses,

using a steady state hydrostatic shallow water model, and producing solutions as a function

of the Coriolis parameter, and of the Rayleigh friction coefficient. Results are presented in

the range of the parameter values relevant for shallow atmospheric flows as sea-land breezes,

and as cold pool outflows. In the shallow water approximation, single-layer flows and two-

layer flows with a lid have three degrees of freedom, and their steady state dynamics are

governed by three ordinary differential equations (ODE). While two-layer flows bounded by

a free surface have six degrees of freedom, and their dynamics are governed by six ODEs.

We show that, in the limit case of frictionless flow, the problem has an explicit analytical

solution, and that, in the presence of friction, the system for a one-layer flow and for a two-

layer flow bounded by a lid can be reduced to two algebraic equations, plus one second order

ordinary differential equation, which can be integrated numerically. Results show that the

maximum runout length of the current occurs when the Rayleigh friction coefficient in the

lower layer is of the order of the Coriolis parameter. This length is larger when the upper

layer is deeper than the lower layer, but it shortens when the friction coefficient of the upper

layer is smaller than that in the lower layer.

In addition, we compute the relative error of the solution to the linearized equations.

This error, which is enhanced when the width of the forcing is smaller than the Rossby

radius, is sizable when the friction coefficient is smaller than the Coriolis parameter. In

addition, by comparing the nonlinear solution with a lid (three degrees of freedom) to the

nonlinear solution with a free surface as an upper boundary (six degrees of freedom), we
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show that solution with the lid overestimates the geopotential for low values of the friction

coefficient, and it underestimates the geopotential for large values of this coefficient. The

error, sizable when the two layers have a comparable depth, rapidly decreases when the

upper layer becomes deeper than the lower layer, it results that a rigid lid can be safely

adopted only when the depth of the upper layer is twice the depth of the lower layer, or

deeper.

1. Introduction

We study the asymptotic behavior of density currents generated by shallow diabatic

sources with a width of the order of Rossby radius as in sea-land breezes. We also study

the cold pool outflows generated by narrow but intense diabatic sources, when the rotation

cannot be neglected because the outflow length is comparable to the Rossby radius. While

these problems are usually approached by using nonlinear numerical models (Pielke, 2002),

or by linearizing the equation (Baldi et al, 2008), we use a semi-analytic nonlinear model,

showing that in the shallow water approximation the behavior of these currents can be

explored in a wide range of the environmental parameters with a very limited use of numerics,

and producing results valuable for analyzing observed data, and simulation data of more

complex nonlinear numerical models.

Density currents are driven by the gradient force due to the density difference between

the intruding fluid and the ambient fluid (von Kármán, 1940). These flows are very common

in nature. Examples of such flows are mesofronts, sea-land breezes, turbidity currents, fresh

water intrusion in estuaries, deep water spreading on the ocean floor (Simpson, 1994). In
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the absence of rotation and friction, the current propagates at a constant speed, and the

runout length of the current monotonically grows in time (Huppert, 2006). The asymptotic

propagation speed is c = Fr
√

g′h with Fr = O(1), where the Froude number, Fr, is a

function of the geometry of the system, h is the depth of the density current, and g′ is the

reduced gravity. In a single-layer flow, when the two fluids are immiscible and frictionless, the

Froude number is Fr =
√

2 (Benjamin, 1968). Martin and Lane-Serff (2005) have extended

Benjamin’s theory by including rotation and dissipation in the system.

In oceanography, reduced gravity single active layer models are still very popular (Apel

1987; Mizuta and Masuda 2003). However, mesoscale atmospheric systems have an active

shallow lower layer embedded in the planetary boundary layer (PBL) where the dissipation

is large, and an active deeper upper layer, which extends into the free atmosphere, where

the dissipation is small (Simpson 1994; Darby et al. 2002). This makes a two-layer model

approach more appropriate for atmospheric mesoscale circulations.

From an atmospheric model point of view, there are a number of recent numerical works

(Seitter, 1986; Moncrieff and Liu, 1999; Liu and Moncrieff, 2000; Tompkins, 2001), and a

number of analytical works, in the absence of an environment flow (Haertel et al., 2001), and

in the presence of an environment flow (Xu and Moncrieff, 1994). In these model studies the

Coriolis force is neglected. This can be done only when the runout length of the current is

much smaller than the Rossby radius. Numerical model works, which include the Coriolis

force, are those related to sea-land breeze type of flows (Segal and Arritt, 1992). This

problem has been solved analytically linearizing the equations (Rotunno, 1983; Dalu and

Pielke, 1989; Baldi et al., 2008).

Griffiths (1986) has shown that, in a rotating system, the Coriolis force tends to oppose
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the spreading of the fluid, and that, in the absence of boundaries and of frictional losses,

the flow approaches a state of geostrophic equilibrium, which inhibits any further release of

potential energy. Using a lock-release technique in a non-rotating and in a rotating system,

Rottman and Simpson (1983), Ungarish and Huppert (1998), Ungarish and Zemach (2003),

and Hogg (2006) focus their papers on the transient from the initial state of rest towards

the asymptotic state of motion. They do it theoretically, numerically, and in laboratory

experiments. Their results, summarized in a paper by Huppert (2006), show that the flow

undergoes through two quite different stages. During the first stage, the flow accelerates

from its initial state of rest to an almost constant speed; during this transient, the effects

of the frictional losses and of the Coriolis force are almost negligible. While in the second

stage, the frictional losses and the Coriolis force effectively hinder the propagation of the

density current. In a frictionless rotating system, the propagation of the density current

stops completely when the flow is in geostrophic balance, reaching this asymptotic state in

a time of the order of the inertia period. In a non-rotating system with friction, the flow

progressively slows down, reaching the asymptotic state of motion in a time of the order of

the inverse of the Rayleigh friction coefficient.

Since the effects of rotation and friction on the initial stage of the flow are already well

documented in the literature, we focus our paper on the impact that these effects have on the

shape and on the runout length of the density currents when the time is larger than inertia

period and of the inverse of the Rayleigh friction coefficient. The results are presented for

parameter values relevant for shallow atmospheric flows, such as those types of mesoscale

circulations caused by surface sensible heat-flux gradients, when the width of the source is

of the order of the Rossby radius (Segal and Arritt, 1992). The behavior of these flows is
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explored in the asymptotic steady state reached when the diabatic forcing is balanced by

the frictional losses and by the Coriolis force as in a Gill-Matsuno type of model (Matsuno,

1966; Gill, 1980). Our approach has the advantage that the results can be expressed in terms

of readable solutions of ordinary differential equations. In fact, in the absence of friction

the problem has an analytical solution. While, in the presence of friction, the system with

a single-layer and with a two-layer flow bounded by a lid can be reduced to one Poisson

equation plus two algebraic equations. In a two-layer flow bounded by a free surface the

system can be reduced to two Poisson equations plus four algebraic equations. Since these

Poisson equations can be solved with a very limited use of numerics, the behavior of the flow

can be easily explored in a wide range of the parameters, summarizing the equivalent result

of many numerical simulations.

In order to improve the readability of our paper, first we thoroughly examine the behavior

of a current with a single active layer. This system has three degrees of freedom. Then we

show that, in the presence of an upper lid, the dynamics of a two-layer flow can be reduced

to a system equivalent to a single layer flow. This model is used for examining the runout

length of these currents as a function of the frictional losses and of the relative depth of

the two active layers, and for quantifying the amplitude of the relative error induced by

linearizing the equations. Finally, we use a model with a free surface as an upper boundary

and six degrees of freedom for quantifying the amplitude of the relative error induced by the

rigid lid assumption.
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2. Configuration and governing equations

a. Configuration

We study the dynamics of a single-layer current using an idealized one and half layer model,

where the lower layer 1 is dynamically active, and where the upper layer 2 is very deep and

motionless. We also study the behavior of a current with two active layers of comparable

depth. This is done using a two-layer model bounded by a rigid lid placed at z = h1(x) +

h2(x) = H̄ = const. In this case, layer 1 is h1(x) deep and its density is ρ1, and layer 2 is

h2(x) deep and its density is ρ2. For completeness, we also study the behavior of this current

using a two and half layer model bounded by a free surface placed at z = H(x). In this case,

above the free surface there is a third very deep motionless layer of fluid with density ρ3.

H̄, h̄1, and h̄2 are the unperturbed total depth, and the unperturbed depth of the lower and

intermediate layer, respectively. In atmospheric terms, the two active layers are isentropic

with respective potential temperature, θ1 and θ2, with above them a layer with potential

temperature θ3 (Fig. 1),

H = h1 + h2 = H̄ + δH, h1 = h̄1 + δh1, h2 = h̄2 − δh2, α =
h̄1

h̄2

= − ū2

ū1

(1)

θ̄ =

(
h̄2 θ2 + h̄1 θ1

H̄

)
, g′ = g

(
θ2 − θ1

θ̄

)
, g

′′
= g

(
θ3 − θ̄

θ̄

)
(2)

Static stability requires that ρ3 < ρ2 < ρ1 (θ3 > θ2 > θ1). When α = O(1), the flow has

two active layers, while, when α << 1, only one layer is dynamically active, and the single-

layer approximation can be made; u1 and u2 are the divergent momentum components, and
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ū1 and ū2 are their horizontal average in the respective layers; g′ is reduced gravity between

layer 1 and 2, and g
′′

is the reduced gravity between layer 3 and layer 1 and 2. In the results

shown hereafter, we assume that g′ = g
′′

= 10−2 g, and that h̄1 = 1 km. In addition, in the

figures, we normalize the time related variables with the inverse of the mid-latitude Coriolis

parameter, f0 = 10−4 s−1, and the space related variables with the internal Rossby radius,

R0 =

√
g′h̄1

f0
= 100 km.

b. Diabatic source

The dynamics are forced by a diabatic source. A volume 2 XQδh0Q
of the fluid in layer 2 is

continuously cooled from its temperature, θ2, down to the temperature of the lower layer,

θ1, by a diabatic cooling source Q(x),


Q(x) = λQδh0Q

, and hQ(x) = h̄1 + δh0Q
, for 0 < |x| ≤ XQ

Q(x) = 0, and hQ(x) = h̄1, for XQ < |x| ≤ X

(3)

hQ(x) is a top hat function, 2 XQ wide and δh0Q
tall (Fig. 2). In thermodynamics terms,

τQ = λ−1
Q , is the thermal relaxation time, i.e. the decay time of the diabatic temperature

perturbation; τQ is also the mass adjustment time as in Polvani and Sobel (2002). Through-

out the paper, we take λQ = τ−1
Q = 10−4 s−1, which is the value that shifts the diurnal

atmospheric mesoscale flows from noon to the early afternoon in accordance with observa-

tions (Baldi et al, 2008). In addition, we keep the volume of the perturbed fluid constant,

2 XQδh0Q
= 0.25 R0h̄1; i.e., in the results shown hereafter, narrow sources are deeper than
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shallow wide sources, but the integrated diabatic heat has the same volume for narrow and

wide sources.

c. Governing equations

Posing that ∂y ≡ 0, the steady state dynamics of a two-layer flow are governed by the

following six 1st Ordinary Differential Equations (ODEs),



Dx[h1(x) u1(x)] = λQ [δhQ(x) − δh1(x)]

λ1 u1(x) + u1(x)Dxu1(x) + g′Dxh1(x) + g
′′
DxH(x) − fv1(x) = 0

λ1 v1(x) + u1(x)Dxv1(x) + fu1(x) = 0

Dx {[h2(x) u2(x)]} = −λQ [δhQ(x) + δh2(x)]

λ2 u2(x) + u2(x)Dxu2(x) + g
′′
DxH(x) − fv2(x) = 0

λ2 v2(x) + u2(x)Dxv2(x) + fu2(x) = 0

(4)

The system has six degrees of freedom, because the barotropic mode is not independent. In

fact, since H(x) = h1(x) + h2(x), the equation for this mode is yielded by the sum of the 1st

equation with the 4th equation,
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Dx [h1(x)u1(x) + h2(x)u2(x)] = −λQδH(x) = −λQ

[
H(x)− H̄

]
(5)

In equations (4), the 1st equation is the mass balance in layer 1, and the 4th equation is

the mass balance in layer 2. The other four equations are the momentum equations, where

ui(x) and vi(x) for i = (1, 2) are the divergent and the rotational momentum components

in the respective layers, g′Dxh1(x) is the gradient force associated to the diabatic source,

and g
′′
DxH(x) is the gradient force due to the deformation of the upper free surface. The

dynamics are driven by the buoyancy force generated by a diabatic source confined around

the origin. This source forces an increase of depth of h1(x) equal to δhQ(x) = δh0Q
for

0 < |x| ≤ XQ, and equal to δhQ(x) = 0 for XQ < |x| ≤ X; it results that hQ(x) = h̄1 + δh0Q

for 0 < |x| ≤ XQ, and hQ(x) = h̄1 for XQ < |x| ≤ X. The perturbation propagates away

from the source region as a bore; the spreading of the fluid is opposed by the Coriolis force,

inertia, and frictional losses, limiting the runout length of the diabatically perturbed fluid

(Fig. 2).

In equations (4), it has been assumed that the dynamics are steady, ∂t ≡ 0, this is when

the time t is sufficiently larger than the inertial period and of the other time scales of the

flow, t >> (f−1, τQ, λ−1
1 , λ−1

2 ). In layer 1, the frictional losses are due to the interaction of

the current with the rough terrain. These losses are parameterized by the Rayleigh friction

coefficient, λ1. The relation between λ1 and the drag coefficient, CD, is λ1 =
(

fK
2h̄2

1

) 1
2

with

2 ū1CD =
(

fK
2

) 1
2 , where K is the diffusion coefficient in the Ekman layer (Gill, 1982). In

layer 2, the losses are due to the friction between the current and the ambient flow. These

losses are parameterized by λ2. In shallow atmospheric flows λ2 ≤ λ1. In addition, since
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the Boussinesq approximation has been made, it is assumed that δρ << ρ̄ (Gill, 1982;

Pedlosky, 1987). In equations (4), it has been assumed that the Reynolds number is large,

Re =
(

u1h1

K

)
>> 1, and that the flow is unsheared (Huppert, 2006). The shallow water

approach demands that the aspect ratio A =
(

H
2X

)
<< 1, where 2X and H are the width

and the depth of the flow, respectively.

In a non-rotating system, where denser fluid intrudes into the lighter fluid through the

entire depth of layer 1, a steep interface separates the two fluids at the frontal edge of

the current; in this region a strong deep overturning can even block the upstream inflow

(Moncrieff and So, 1989). Also in a rotating system a complex internal circulation can

develop within the current (Martin et al, 2005). When these internal circulations become

important in shaping the flow, the adoption of the shallow water approximation is ruled out.

In our model, the layers have an average prescribed finite depth, and the active layers

are separated by a relatively smooth interface (Fig. 1). The diabatically perturbed heavier

fluid in layer 1 intrudes into the lighter fluid of layer 2. The leading edge of this perturbation

does not show a steep frontal zone like in the classical density currents (Moncrieff and So,

1989), but it is more like a shallow wedge (Fig. 2), as a consequence the shallow water

approximation holds also at the edges of the flow.

3. Dynamics in a single-layer flow

Since in a single-layer flow the ambient fluid above the current is motionless, the dynamics

are governed by the first three equations in (4). Taking advantage of this simplification, we

develop a method for computing the nonlinear solution to this problem. We also explore
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the limit of the linear solution for different values of the environment parameters, and for

different geometries of the source. In following sections, we upgrade the method to the

two-layer flow with a lid, and to the two-layer flow with a free surface.

a. Numerical nonlinear solution in the presence of friction

Since hQ(x) is an even function, h1(x) is also an even function. The flow is confined

within the region where |x| ≤ X, with no flow through the edges [u1(−X) = u1(X) = 0];

the width of the flow, 2X, is computed by integrating the 1st equation in (4),

∫ X

−X

Dx[h(x) u1(x)] dx = 0 ⇒
∫ X

−X

hQ(x) dx =

∫ X

−X

h(x) dx (6)

Since δh1(|x| > X) = 0, X is the runout length of the flow, the region where |x| ≤ XQ is

the source region, and the region where XQ < |x| ≤ X is the outflow region.

By inspection of the 1st equation in (4), it can be deduced that in the source region the

flow is divergent, while in the outflow region the flow is convergent. Taking advantage of this

property, Polvani and Sobel (2002) have studied the dynamics of these currents by assuming

that the divergent momentum component is piecewise linear, with constant divergence in

the source region and constant convergence in the outflow region. In addition, they have

assumed that the envelope of the current is flat. In geophysics, this is the weak temperature

gradient approximation, WTG (Sobel and Bretherton, 2000; Sobel et al, 2001). In fluid

dynamics, models with flat interface are called box models (Huppert and Simpson, 1980).

In our study, the shape of the envelope, h1(x), is not prescribed a priori, but it is

computed by solving the Poisson equation obtained by taking the x-derivative of the 2nd
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equation in (4), with g
′′
DxH(x) ≡ 0,

Dxxh1(x) =
1

g′

[
fζ1(x)− λ1δ1(x)− 1

2
Dxxu

2
1(x)

]
, with Dxu1 = δ1, and Dxv1 = ζ1 (7)

Then h1(x) is computed in finite differences by dividing the width of the flow, 2 X, in N = 2n

intervals In ≡ (xn, xn+1), ∆x =

(
2 X

N

)
long, and by taking the divergent momentum

component piecewise linear within each of these intervals, [Dxu1 = δ̄1]x∈In ,

h1,n+1 − 2h1,n + h1,n−1 =
∆x2

g′

[
f ζ̄1,n − λ1δ̄1,n − δ̄2

1,n −
u1,n

(
δ̄1,n+1 − δ̄1,n−1

)
2∆x

]
(8)

h1,n is computed by cyclic reduction, posing h1(−X) = h1(X) = h̄1 at the edges of flow. The

required accuracy of the solution is achieved by increasing N ; hereafter, we take N equal

to 210. The runout length, X =
(

N
2

)
∆x, is computed by setting ∆x equal to the value for

which X balances the equation in (6). In Eq. (8), the terms, δ̄1,n and ζ̄1,n, are yielded by

the solution to the 1st equation in (4) and to the 3rd equation in (4), respectively. Assuming

that the divergent momentum component is piecewise linear, the 1st equation in (4) yields

Dxh1(x) +
(λQ + δ̄1,n)

δ̄1,nx
h1(x) =

λQhQ(x)

δ̄1,nx
⇒ h1(x) =

λQhQ(x)

λQ + δ̄1,n

, for x ∈ In (9)

Then δ̄1,n = λQ

(
hQn−h1,n

h1,n

)
, this algebraic equation, solution to the ODE in (9), states that

within each of the intervals the divergence is proportional to the difference between the depth

of the forcing and the profile of the interface, and that the proportionality constant is the

inverse of the mass adjustment time. Small values of λQ lead to a small divergence, δ̄1,n,

and a short runout length, X; while large values of λQ lead to a large divergence and runout

12



length. The vorticity equation, obtained by taking the x-derivative of the 3rd equation in

(4), yields,

λ1ζ1 + Dx [u1(ζ1 + f)] = 0 ⇒ Dxζ1 +
(δ̄1,n + λ1)ζ1

δ̄1,nx
= −f

x
⇒ ζ̄1,n = − δ̄1,nf

δ̄1,n + λ1

(10)

The vorticity, ζ̄1,n, is a function of the mass adjustment time, λ−1
Q , through the divergence,

δ̄1,n. In addition, the algebraic equation, solution to the vorticity equation in (10), states

that where the divergence is constant the vorticity is also constant. Note that δ̄1,n and ζ̄1,n

are constant for x ∈ In, but they can assume different values in different intervals. The

momentum component, u1(x), is computed by cyclic reduction of Dxxu1(x) = Dxδ1(x),

posing u1(x = X) = u1(x = −X) = 0. The envelope of the current is shown in Fig. 2.

The solution to the first order ODEs (Eq.s 9-10) has been constructed using a mathe-

matical handbook (Zwillinger, 1992). The numerical solution to the Poisson equation has

been computed by cyclic reduction following the method shown by Potter (1973).

Finally, the position ∂y ≡ 0 can be relaxed by posing that the divergence and the vorticity

are constant within each of the 2-D grid element, i.e. the behavior of a density current in

the (x, y)-plane can be studied by computing the solution to a 2-D Poisson equation; in this

paper we do not further elaborate on this extension of our theory.

b. Nonlinear solution in the absence of friction

When the final state of the flow is non divergent and in geostrophic balance, the problem has

an analytical explicit solution. The profile of the interface, h1(x), is computed as following,

Eq. (10) yields the vorticity, ζ1 = Dxv1(x) = −f , which integrated yields v1(x) = −fx,
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having posed v1(0) = 0. Then the slope of the interface, Dxh1(x), is yielded by the 2nd

equation in (4), which integrated, posing h1(−X) = h1(X) = h̄1, yields δh1(x), finally, the

width of the flows is computed imposing the mass balance (Eq. 6).

Dxδh1(x) = − f 2x

g′
, δh1(x) =

f 2 (X2 − x2)

2 g′
, X =

[
3 g′(δh0Q

XQ)

f 2

] 1
3

(11)

The envelope of a current in geostrophic balance is parabolic (Fig. 2). Its shape does not

depend on the shape of the source. The runout length, X, does not depend on the shape of

the source, but only on the volume of the diabatically perturbed fluid.

In the absence of friction and in the absence of rotation, λ1 = f = 0, the integral of the

2nd equation in (4) yields the propagation speed of the density current,

c2 = u2
1(X) = 2g′ [h1(0)− h1(X)] ⇒ c = u1(X) = Fr

√
g′∆h1, with Fr =

√
2 (12)

When ∆h1 = [h1(0)− h1(X)] → h̄1, then c →
√

2g′h̄1 and the propagation speed of the

current is as in Benjamin (1968). When the flow is divergent and frictionless, the integral of

the 2nd equation in (4) yields that the runout length of a current in a rotating system equals

the propagation speed in a non-rotating system multiplied by the inertia period,

∫ X

0

Dx

[
g′δh1(x) +

1

2
u2

1(x)

]
dx = − 1

2
f 2X2 ⇒ X =

(
c

f

)
(13)

In the above integral, it has been assumed that u1(0) = u1(X) = 0, and that ∆h1 =

δh1(0) − δh1(X) with δh1(X) = 0. When ∆h1 → h̄1, X →
√

2R0, and the runout length

is of the order of the Rossby radius.
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c. Linear solution in the presence of friction

Linear models are still used for studying the behavior of sea-land breeze flows (Rotunno,

1983; Dalu and Pielke, 1993; Baldi et al, 2008), therefore, it is important to explore the

validity of these models. A manipulation of the linear expansion of the first three equations

in (4) yields the following second order equation for h1(x),

Dxxh1 + ν2h1 = −ν2hQ, with ν2 =
λQλD

g′h̄1

, and λD =
λ2

1 + f 2

λ1

(14)

The solution to Eq. (14) is computed as a convolution of the Green function with the inho-

mogeneous term,

δh1(x) = −ν2 {g(x, ξ) ∗ δhQ(ξ)} , with g(x, ξ) = − exp(−ν |x− ξ|)
2ν

δh1(x) = δh0Q


[1− exp(−νXQ) cosh(νx)] , for |x| ≤ XQ

sinh(νXQ) exp(−ν|x|), for |x| > XQ

(15)

ν−1 is the e-folding distance of δh1(x) in the outflow region. Since in a non-rotating system

ν ∝
√

λ1

τQ
, the aspect ratio of the flow monotonically decreases as the Rayleigh friction

coefficient increases, and as the mass adjustment time decreases. Since in a rotating system

ν ∝
√

λ2
1+f2

λ1
, the aspect ratio of the flow is smallest when λ1 = f . The range of validity of

the linear solution is evaluated by computing the geopotential relative error,

εlinear =

[
∆h1linear

−∆h1nonlinear

∆h1nonlinear

]
(16)
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With ∆h1 = δh1(x = 0), where ∆h1linear
is computed by using Eq. (15), and ∆h1nonlinear

is computed by using Eq. (8). Results show that the linear solution overestimates the

geopotential at low values of the Rayleigh friction coefficient, and it underestimates the

geopotential at intermediate and large values of the friction coefficient. The error is sizable

only when the frictional losses are weak (Fig. 3). In addition, this error is very large when

the diabatic source is narrow and deep (Fig. 4). This behavior is due to the fact that the

linear approximation holds when λ1u1 >> u1Dxu1 and λ1v1 >> u1Dxv1. Since v1 ∝ u1 in

the linear solution, this approximation holds when λ1 >> Dxu1 = δ̄1 = λQ
(hQ−h1)

h1
, this is

when (hQ − h1) << h1, i.e. for wide shallow forcing.

When νXQ << 1, a Taylor expansion of the exponential in Eq. (15) yields δh1(x = 0) =

νXQδh0Q
. In a non-rotating system, δh1(x = 0) =

√
λQλ1

g′h̄1
(δh0Q

XQ) → 0 when λ1 → 0,

and, in a rotating system, δh1(x = 0) =

[√
λQ(λ2

1+f2)

fλ1

(
XQ

R0

)]
δh0Q

→ ∞ when λ1 → 0.

Therefore, when λ1 is small, the geopotential near the origin is overestimated for f 6= 0, while

it is underestimated for f = 0. In a following section, it will be shown that this behavior

is due to the absence in the linear solution of the divergent quadratic terms, which become

dominant in the nonlinear solution when λ1 is small.

Summarizing the results shown in Fig.s (3-4), we can conclude that the linear approxi-

mation is generally valid when the width of the source is comparable with the Rossby radius,

and when the Rayleigh friction coefficient is comparable to the Coriolis parameter. While,

the linear approximation is not generally valid for currents generated by narrow deep sources,

as atmospheric downdrafts forced by evaporation of precipitation (Fujita, 1959).

The solution to the linear second order ODE has been constructed using a mathematical

handbook (Zwillinger, 1992).
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4. Dynamics in a two-layer flow bounded by a rigid lid

Shallow atmospheric flows are usually bounded by a temperature inversion, which decou-

ples the mesoscale circulation from the free atmosphere above it. In models this inversion is

often parameterized by adopting a lid as an upper boundary (Pielke, 2002). Therefore, in

this section we analyze the dynamics of a two-layer flow bounded by a lid. The validity of

this upper boundary condition will be discussed in a following section.

a. Lid reaction

Rottman and Simpson (1983) have shown that, in a non-rotating system, a two-layer flow

bounded by a lid has two degrees of freedom. We show that, in a rotating system, these

flows have three degrees of freedom, and that their dynamics are governed by a set of three

ODEs, equivalent to those of a single-layer flow. In fact, in the presence of a lid, δH(x) = 0,

and in the absence of flow through the edges, [u1(−X) = u1(X) = u2(−X) = u2(X) = 0],

Eq. (5) yields,

h1(x)u1(x) + h2(x)u2(x) = 0 ⇒ u2(x) = −h1(x)

h2(x)
u1(x) ≈ −αu1(x) (17)

The approximation in the last equation establishes an algebraic relation between u1(x) and

u2(x). In addition, the role of g
′′
DxH(x) in the 2nd and 5th equation in (4) is taken by lid

reaction. Assuming that this reaction is proportional to gradient force, Dxφ ∝ g′Dxh1, we

evaluate the proportionality constant by taking the ratio between the 5th equation and the

2nd equation in (4),
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Dxφ = −µg′Dxh1, with µ =
β

1 + β
, and β = α

[
λ1(λ

2
2 + f 2)

λ2(λ2
1 + f 2)

]
(18)

In the construction of the equation for the lid reaction (1st Eq. in 18), the nonlinear terms

in the 3rd and the 6th equations in (4) having been neglected. We recall that when α = 0

(h2 = ∞), only the lower layer is active, the lid reaction vanishes, and the driving gradient

force is as in a single-layer flow. In a non-rotating system β equals α, then µ equals α
1+α

.

When h1 = h2 (α = 1), the lid reaction accounts for half of the driving gradient force, µ = 1
2
.

b. Numerical nonlinear solution for a two layer-flow with friction and a lid

When Eq. (18) holds, the gradient force reduces to (1− µ)g′Dxh1(x) in the 2nd Eq. (4), and

the dynamics are governed by the first three equations in (4), consequently the presence of

a lid greatly simplifies the dynamics by halving the degrees of freedom. The validity of this

solution is discussed in a following section.

The envelope of the current, h1(x), is computed by cyclic reduction as in a single-layer

flow (Eq. 8), with δ̄1,n and ζ̄1,n as in Eq.s (9-10),

h1,n+1 − 2h1,n + h1,n−1 =
∆x2

g′

[
f ζ̄1,n − λ1δ̄1,n − δ̄2

1,n

1− µ
−

u1,n

(
δ̄1,n+1 − δ̄1,n−1

)
2∆x(1− µ)

]
(19)

The runout length, X, is computed by using Eq. (6). Results show that this length is smaller

when the friction coefficient in the upper layer is smaller than the friction coefficient in the

lower layer. In addition, this length grows for increasing depth of the upper layer (decreasing

values of α), and for increasing values of friction coefficient of lower layer, up to a value of
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this coefficient of the order Coriolis parameter, to decrease thereafter. When λ2/λ1 is a

fraction smaller than unity, the maximum value of the outflow distance shifts to values of

λ1/f0 larger than unity (Fig. 5).

c. Linear solution for a two layer-flow with friction and a lid

The linear solution for a two layer flow with a lid is formally as in equation (15), but with

the following wavenumber,

ν =

√
λQλD

g′h̄1(1− µ)
, with λD =

λ2
1 + f 2

λ1

, and µ(α, f, λ1, λ2) as in Eq. (18), (20)

The inverse of this wavenumber, ν−1, is the e-folding distance for h1(x ≥ XQ). The isopleths

in Fig. 6 show that this distance grows for increasing depth of layer 2, and for increasing

values of λ1 up to λ1 = f0 when λ2 = λ1, to decrease thereafter. When λ2/λ1 is a fraction

smaller than unity, the maximum value of this distance shifts to values of λ1/f0 larger than

unity, as in the nonlinear solution shown in Fig. 5. Note that, within the validity limits of

the linear solution, ν−1 is a valuable parameter, because it does not depend on the shape or

on the intensity of the source. In Fig. 6 the isopleths for λ1 < 0.1f0 are not shown, because

the linear solution fails when the frictional losses are small. The relative error in a two-layer

flow with a lid is as that in a single-layer flow (Fig.s 3-4).
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d. Explicit nonlinear solution with friction and a lid

With Eq. (19) we have shown how a high resolution solution for h1(x) can be computed

numerically. In this section we show that an explicit approximate nonlinear solution for

h1(x) can be constructed by posing that u1(x) is piecewise linear in the source region and in

the outflow region,

δ̄1,1 = λQ
X −XQ

XQ

, δ̄1,2 = −λQ, ζ̄1,1 = −f
δ̄1,1

δ̄1,1 + λ1

, ζ̄1,2 = −f
δ̄1,2

δ̄1,2 + λ1

Then, replacing g′Dxh1(x)+g
′′
DxH(x) with g′(1−µ)Dxh1(x) in the 2nd equation in (4), the

integral
∫ X

x
Dx′

[
g′(1− µ)δh1(x

′) + 1
2
u2

1(x
′)
]

dx′ yields,

δh1(x) =



(λ1δ̄1,2−fζ̄1,2)(X−XQ)2+(λ1δ̄1,1−fζ̄1,1)(X2
Q−x2)−δ̄2

1,1x2

2g′(1−µ)
, for 0 ≤ |x| < XQ

(λ1δ̄1,2−fζ̄1,2)[(X−XQ)2−(|x|−XQ)2]−[δ̄1,1XQ+δ̄1,2(|x|−XQ)]
2

2g′(1−µ)
, for XQ ≤ |x| ≤ X

(21)

A Taylor expansion of the linear solution in Eq. (15) shows that the linear solution captures

the main characteristics of the nonlinear solution with friction in Eq. (21). In fact this

expansion shows that δh1(x) has a quadratic term in the source region and a linear term

in the outflow region as the solution in Eq. (21). But, while the linear solution keeps the

same structure when the frictional losses are small, for small frictional losses the linear

term becomes negligible in the nonlinear solution, while the quadratic terms related to the

divergence (which are absent in the linear solution) become dominant. This dominance is

very evident in the limit case of the frictionless nonlinear solution,
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δh1(x) =
1 + α

2g′



f 2
[
(X −XQ)2 + (X2

Q − x2)
]
− δ̄2

1,1x
2, for 0 ≤ |x| < XQ

f 2 [(X −XQ)2 − (|x| −XQ)2]−
[
δ̄1,1XQ + δ̄1,2(|x| −XQ)

]2
,

for XQ ≤ |x| ≤ X

(22)

Where X in Eq. (21) and in Eq. (22) is the positive root of the third order algebraic equation

obtained by posing, in the respective equations,
∫ X

−X
h1(x

′)dx′ = 2δh0Q
XQ. In a frictionless

rotating system, X = c
f
, where c is the propagation speed in a non rotating system; c is as

in a single layer flow (Eq. 12), but with Fr =
√

2
1+α

. When α = 1 and δh1 = h̄1, X = R0,

the runout length is equal to the Rossby radius.

5. Two-layer flow bounded by a free surface

We have shown that the adoption of a lid as an upper boundary halves the degrees of

freedom simplifying the dynamics of the system. In order to analyze the range of validity

of this simplification for shallow atmospheric flows, we compare the solution with a lid with

the solution with a free surface as an upper boundary. This last system has six degrees of

freedom, and its dynamics are governed by the six ODEs in (4).

a. Numerical nonlinear solution for a two layer-flow with friction and a free surface

The 5th equation in (4) yields the slope of the free surface, and the difference between this

equation and the 2nd equation (4) yields the slope of the interface,
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
DxH = 1

g′′ (fv2 − λ2u2 − u2Dxu2) , with h2 = H − h1

Dxh1 = − 1
g′ [f (v2 − v1) + (λ1u1 − λ2u2) + u1Dxu1 − u2Dxu2]

(23)

H and h1 are computed by cyclic reduction of the two Poisson equations obtained by taking

the x-derivative of the two equations in Eq. (23), posing u1=u2=0, h1 = h̄1 and H = H̄ at

the two edges of the flow,



Hn+1 − 2Hn + Hn−1 = ∆x2

g′′

[
f ζ̄2,n − λ2δ̄2,n − δ̄2

2,n −
u2,n

2∆x

(
δ̄2,n+1 − δ̄2,n−1

)]

h1,n+1 − 2h1,n + h1,n−1 = ∆x2

g′

{[
f ζ̄1,n − λ1δ̄1,n − δ̄2

1,n −
u1,n

2∆x

(
δ̄1,n+1 − δ̄1,n−1

)]
−

[
f ζ̄2,n − λ2δ̄2,n − δ̄2

2,n −
u2,n

2∆x

(
δ̄2,n+1 − δ̄2,n−1

)]}
(24)

δ̄1,n = λQ

(
hQn − h1,n

h1,n

)
, δ̄2,n = −λQ

(
hQn + h2,n

h2,n

)
, ζ̄1,n = − δ̄1,nf

δ̄1,n + λ1

, ζ̄2,n = − δ̄2,nf

δ̄2,n + λ2

The range of validity of the solution with a lid is evaluated by computing the geopotential

relative error,

εlid =

[
∆h1lid

−∆h1free

∆h1free

]
(25)

With ∆h1 = δh1(x = 0), where ∆h1lid
is computed by using Eq. (19), and ∆h1free

is

computed by using Eq. (24). The rigid lid solution overestimates the geopotential at low

values of the friction coefficient, and it underestimates the geopotential at high values of this

coefficient, this behavior is enhanced by small frictional losses in the upper layer (Fig. 7).
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The error decreases as the depth of the upper layer increases, and it becomes negligible when

α << 1. But the error is always sizable when the two active layers have a comparable depth,

α ≈ 1. The rigid lid upper boundary can be safely adopted in those shallow atmospheric

two-layer flow models where the upper layer is sufficiently deeper than the lower layer, this

is when the depth of the upper layer is twice the depth of the lower layer, or deeper (α < 0.5

in Fig. 7).

Note that the method used for constructing the solution for two-layers can be easily

extended to a stack of layers, i.e. a multilayer nonlinear model can be constructed by piling

up a number of shallow layers.

b. Frictionless two-layer flow with a free surface

When the flow is non-divergent and in geostrophic balance, the 3rd and the 6th equations in

(4), with λ1 = λ2 = 0, but f 6= 0 and α 6= 0, yield,

v1(x) = − f x and v2(x) = f (X − x), with v1(0) = v2(X) = 0 (26)

The difference between the 5th and the 2nd equation in (4) yields the slope of h1(x), Dxh1 =

f
g′ (v1 − v2), which integrated, imposing that [δh1(−X), δh1(X)] = (0, 0), yields δh1(x), then

the width of the flow is computed imposing the mass balance as in the single-layer flow

(Eq. 6).

Dxδh1(x) = − f 2X

g′
, δh1(x) =

f 2X (X − |x|)
g′

, X =

[
2 g′(δh0Q

XQ)

f 2

] 1
3

(27)
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In a two-layer flow in geostrophic balance, the width of the flow, 2X, is insensitive to the

shape of the diabatic forcing and to the relative depth of the two layers, α; the slope of the

envelope of the current is constant (Fig. 8).

An explicit nonlinear solution for a two-layer flow with a free surface can be constructed

by posing that the divergence is a piecewise linear in the source and in the outflow region,

g
′′
δH(x) = −1

2
f 2(X − |x|)2 − 1

2
α2


δ̄2
1,1x

2, for 0 ≤ |x| < XQ

δ̄2
1,2(X − |x|)2, for XQ ≤ |x| ≤ X

(28)

g′δh1(x) = f 2X(X − |x|)− 1

2
(1− α2)


δ̄2
1,1x

2, for 0 ≤ |x| < XQ

δ̄2
1,2(X − |x|)2, for XQ ≤ |x| ≤ X

(29)

The runout length of the current X is the positive root of the following third order algebraic

equation,

f 2

2g′
X3 −

λ2
Q(1− α2)

6g′
X(X −XQ)2 = δh0Q

XQ (30)

It is often said that, in a rotating system, the final state of a non-dissipative density

current is in geostrophic balance. Thomas and Linden (2007) find a reasonable good agree-

ment between observed flows in rotating tank experiments and a simple geostrophic theory.

However, this is not always the case, for instance, in the presence of a coastal boundary, the

kinematic requirement of zero flow across the right boundary in the northern hemisphere re-

moves the component of the Coriolis force, breaking the geostrophic balance. It results that
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the ageostrophic component of the flow in the head region becomes important in shaping

the current (Hacker and Linden, 2002).

Our geostrophic solution is independent from the relative depth of the two fluids and

from the shape of the source (Eq. 27). But, even a tiny amount of ageostrophy completely

changes its behavior, making the shape of the interface dependent on the relative depth of

the two fluids and on the shape of the source (Eq. 29). In an initial value problem, the

ageostrophic transient may favor the ageostrophic solution in Eq. (29) for the asymptotic

state of the flow. However, note that, when the two layers have an equal depth (α = 1), the

runout length of the divergent non-dissipative flow and the shape of the interface are equal

to those of a current in geostrophic balance (see Eq.s 27, 29, and 30). It follows that the

geostrophic balance solution is appropriate for the asymptotic state when α ≈ 1, i.e. in a

two-layer flow with fluids of comparable depth.

6. Conclusions

Using a nonlinear shallow water model with two isentropic layers, and with three isen-

tropic layers, we have studied the asymptotic behavior of density currents generated by a

diabatic source with different upper boundary conditions, and for different values of the

environment parameters.

We have shown that the behavior of these currents can be explored in a wide range

of the environmental parameters with a very limited use of numerics. In fact, in a single-

layer shallow water approximation, and in a two-layer shallow water approximation with a

lid, a high resolution solution can be obtained using two algebraic equations and a Poisson
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equation. In a two-layer shallow water approximation with a free surface, a high resolution

solution can be obtained using four algebraic equations and two Poisson equations.

We also have shown that, in the limit case of frictionless flows, the problem has an

explicit analytical solution. An explicit approximate nonlinear solution can be obtained for

flows with friction by assuming that the momentum divergent component is piecewise linear

in the source region and in the outflow region.

Using these models, we have shown that the maximum runout length of the current

occurs when the Rayleigh friction coefficient in the lower layer is of the order of the Coriolis

parameter. This maximum runout length is shorter when the Rayleigh friction coefficient of

the upper layer is smaller than that of the lower layer. While, for a given distribution of the

frictional losses, it is larger when the upper layer is deeper.

In addition, we have shown that the solution to the linearized equations fails when the

Rayleigh friction coefficient is much smaller that the Coriolis parameter, and that this failure

is enhanced when the width of the forcing is a small fraction of the Rossby radius.

By comparing the solution with a lid with the solution with a free surface, we have shown

that the nonlinear solution with a lid overestimates the geopotential for low values of the

friction coefficient, and it underestimates the geopotential for large values of the friction

coefficient, but the error rapidly decreases when the upper layer becomes deeper than the

lower layer. As a practical rule, we can say that the rigid lid can be adopted when the depth

of the upper layer is twice the depth of the lower layer, or deeper.

The results presented are relevant for sea-land breeze flows and for cold pool outflows.

Further applications of the method developed in this paper should include the ambient

stratification, and the effects related to the presence of an ambient wind. Other interesting
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developments are the study of the behavior of these currents in a β-plane, and in the presence

of a sloping terrain. In addition, the approach presented in this paper can be used for

studying the behavior of a current in an axisymmetric system.

Our approach can be also used for ocean flows, for deep water spreading on the ocean

floor, for river flows in the estuaries, and for many other shallow flows in nature or in

laboratory. This can be done by adopting the appropriate values of the parameters, and by

posing the correct boundary conditions.
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Fig. 1. The system rotates around the vertical axis with an angular velocity ω = f
2
. Layer 1

and layer 2 are dynamically active, and a free surface decouples these two layers from a very
deep and motionless layer 3. H(x) = H̄ + δH(x) is the free surface (thick line), δH(x) is its
perturbation, and H̄ is its unperturbed depth [thin line above H(x)]. h1(x) = h̄1 + δh1(x)
is the envelope of the density current (thick line), δh1(x) is its perturbation, and h̄1 is its
unperturbed depth [thin line below h1(x)]. For static stability ρ3 < ρ2 < ρ1 (θ3 > θ2 > θ1).
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Fig. 2. hQ(x), solid line; h1(x) envelope of the current in a geostrophic balanced single-layer
flow when f = 10−4 s−1, dash-dot line; same as in the previous case but in the presence of
friction when λ1 = 10−4 s−1, dash line.
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Fig. 3. Isopleths of the geopotential relative error of the linear solution as function of the
Coriolis parameter and of the Rayleigh friction coefficient; f and λ1 have been normalized
with f0 = 10−4 s−1. The dimensions of the source are XQ = 0.5R0 and δhQ0 = 0.25h̄1, with
h̄1=1000 m and R0=100 km.
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Fig. 4. Same as Fig. 3, but when f = f0 = 10−4 s−1 = const, and as function of the
Rayleigh friction coefficient and of the width of the forcing XQR−1

0 , keeping the volume of
the diabatic perturbation constant, 2 XQδhQ0 = 0.25R0h̄1 = const.
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Fig. 5. Isopleths of the runout length XR−1
0 as a function of the Rayleigh friction coefficient

λ1 and of the relative depth α = h̄1

h̄2
, when f = f0 = 10−4 s−1 = const, and λ2 = λ1 solid

line, λ2 = 0.5 λ1 dash line, and λ2 = 0.25 λ1 dot line.
.
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Fig. 6. Same as Fig. 5, but isopleths of the linear e-folding distance, (R0ν)−1 (see text)
.
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Fig. 7. Isopleths of the relative error of the geopotential of the nonlinear solution with a lid
as function of the relative depth α = h̄1

h̄2
and of the Rayleigh friction coefficient, λ1; λ2 = λ1

solid line, λ2 = 0.5 λ1 dash line, and λ2 = 0.25 λ1 dot line.
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Fig. 8. Same as Fig. 2, but for a two layer-flow with a free surface. H̄ (solid thin line)
and hQ(x) (solid thick line); h1(x) (thick dash-dot line) and H(x) (thin dash-dot line) in a
geostrophic balanced flow; h1(x) (thick dash line) and H(x) (thin dash line) in the presence
of friction, when f = λ1 = λ2 = 10−4 s−1.
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