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ABSTRACT

This article uses tensor transformation procedures in order to derive a terrain-following coordinate
system that is frequently used in a number of regional and mesoscale hydrostatic models. Tensor trans-
formation procedures are used so as to ensure physical invariance of the primitive equations between

" the Cartesian and terrain-following systems. Among the major conclusions are as follows:

e Applying the chain rule to the hydrostatic equation, before transforming from a Cartesian to a
terrain-following coordinate system, yields a different set of equations than if the hydrostatic assumption
is applied after the tensor transformation is made. The hydrostatic equations in the two terrain-following
representations are the same only when the slope of the terrain in the model is much less than 45°.

e Variations of the metric tensor across a grid volume appear in the set of conservation equations
as a result of averaging the equations over a grid volume. Such deviations have always been ignored
in existing non-hydrostatic and hydrostatic meteorological models.

o Care must be taken to assure that parameterizations which are a function of distance above the
ground be defined in terms of the original Cartesian system, and not the new generalized vertical co-
ordinate o. The profile exchange coefficient K(z), for example, cannot be defined simply by replacing

zbyo.

i. Imtroduction

The use of a terrain-following coordinate system
in meteorological modeling was first introduced by
Phillips (1957), and it has since been shown to be an
effective mathematical representation. This concept
of defining a coordinate surface coincident with the
bottom topography permits more efficient use of
computer resources, and it simplifies the application
of lower boundary conditions. In Phillips’ original
form, adopted by many models [e.g., the U.S.
Weather Service forecast models, Rieck (1979)],
pressure is used to define the independent vertical
coordinate o, where surface pressure is used as the
lower boundary. Haltiner (1971), for example, de-
fines o = p/p,, where p;is the surface pressure while
p is the pressure at any level. For this example o
= 1 corresponds to the ground surface.

Inrecent years, o has often been defined as a func-
tion of height rather than pressure. This is advan-
tageous because p, is a function of time, whereas
terrain height is not. The general form of this co-
ordinate system transformation is given as
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where s is usually defined as a constant (generally
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defined as the top of the model)! while z; is the
terrain height. The variable z is height, while o is
referred to as a generalized vertical coordinate. This
form of a terrain-following coordinate has been used
in recent years in regional and mesoscale models
(e.g., Mahrer and Pielke, 1975; Kasahara, 1974; and
others) in which the hydrostatic assumption has
been applied.

In developing their equations, however, these in-
vestigators have applied the chain rule separately
in the vertical and horizontal dimensions (utilizing
the hydrostatic relation). Using (1), this results in
the transformed hydrostatic equation given as
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where 7 = ¢,T/6. This is appropriate if the hydro-
static assumption is exactly satisfied. However, the
invariance of the physical representation (which
must be retained, regardless of the coordinate
formulation) is lost if the assumption is not exact,

! Mahrer and Pielke (1975, 1978) permitted s to vary in the
denominator, but this complicates the analyses somewhat. There-
fore, in this paper, s is assumed to be a constant. The con-
clusions from the analyses are not significantly affected by this
requirement. See Dutton (1976, p. 251) for the modifications
needed when the coordinate transformation is time dependent.
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as discussed by Dutton (1976, p. 252). On the
synoptic scale, in which horizontal scales are always
much larger than the vertical scales of motion, this
requirement is very closely satisfied.

On the mesoscale, however, it may be more ap-
propriate to perform a tensor transformation of all
three components of the equation of motion, before
making the hydrostatic assumption. As shown by
Gal-Chen and Somerville (1975), and Clark (1977),
for use in a non-hydrostatic model, a rigorous trans-
formation between coordinate systems requires use
of the properties of tensor analysis in order to assure
that the invariance of the physical representation
is retained in all coordinate systems.

In this paper, we perform a tensor transforma-
tion of the equations of motion and then apply the
hydrostatic assumption. The resulting equations re-
duce to the form used by Mahrer and Pielke (1975),
Kasahara (1974) and others only when certain sim-
plifying assumptions are made. Moreover, since the
hydrostatic assumption is applied later in the deriva-
tion of the transformed equations, a more in-depth
understanding of the coordinate transformation is
obtained.

2. The eqﬁation of motion?

Dutton (1976) demonstrated that the contravariant
form of the equation of motion in a generalized co-
ordinate system, derived from the rectangular x-y-z
(x*) system, can be written as
) 2“_ + ﬂ‘ﬂf, = —G“OE_Z - Ex— g — 2&“10_7111,

ot oxi 9z

(€]

where it' is the contravariant component of velocity,
G the contravariant metric tensor, %’ represents
the independent variable in the new coordinate
system, and
giil = eijlc';—uz
L. oot ...
ugj = g}' + I‘}lu’.
The term g®/9? js obtained from G¥99®/d%’. The
tilde is used to indicate a variable in the transformed
coordinate system, while ¢;; = € in the Cartesian
system. The tensor ¢;; is defined as zero if any two
of the indices are equal, +1 if an even permutation
of the indices occur, and —1 with an odd permuta-
tion. The parameter G is the determinant of the con-
travariant form of the metric tensor G while T';,
called the Christoffel symbol, is given by
R oxt 9% ™
I =—— .
ox™ 9xIox!

2 The materiat in this section closely follows Dutton’s (1976,
pp. 248-250) discussion on generalized coordinates.
N
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Eq. (3) is somewhat cumbersome to work with.
However, it is essential to retain all the terms which
arise from the transformation in order to preserve
tensor invariance.

When applying these equations to simulate mete-
orological systems, only the vertical coordinate in
the rectangular system is customarily transformed.
In addition, it is necessary to average the trans-
formed equations since (3) is only valid over spatial

‘and temporal intervals which are much smaller than

the space and time scales used in meteorological
numerical models.

The functional form of this generalized vertical
coordinate transformation, in terms of the original
Cartesian system, can be written as

Xl =ux, x = ix!
y =&

z = h(Z, %2, 3, 1)

=y,
B =okx,y,z1),

where o can be given by (1), or another functional
form such as discussed by Haltiner (1971) and Kasa-
hara (1974).

The contravariant and covariant forms of the
metric tensor G¥ and G;;, are given as

G’] = E z
oxt ox!
) 9o
ox
=10 1 9o ,
: dy
do do (60’)2 (60’)2 (60)2
—_— — =) + =] + =
| Ox Oy ox ay 0z ) |
G, =X &
oxt ox’
’1 . (ah)z oh oh oh oh |
ox! ox! 9x2 ax! ox3
| onoon 1+<6h)2 oh oh
oF1 BF? oxz) exzoxd |’
oh- oh oh oOh oh )2
| ot ax® 0%2 9x3 (a.fa i
while the only nonzero Christoffel symbol is
., 80 o
=22 a} _,
oz axox’

so that the covariant derivative of velocity is
given by
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i
xz, i=1,2
. ox/
U; =
73
O 4 tyat, i=3.
ox’
The determinant of the Jacobian of the trans-
formation, ot
adll IPIY
_ %’ '
is given by
1 0 0
o) _ 10 1 0 ey, SR 0RO
ox? oh oh oh 8%  do
BF ex 9xd

The tangent and normal basis vectors for the gen-
eralized vertical coordinate system in terms of the
rectangular representation are given by

Y oh 1 —3 )
’1’1—5‘*‘!(-67_1*, n =1
oh
T, =§+k—, 2 =j 4
2= oz M (()
oh S, 0 0
T3 =k—, =i o+ ko
ox3 5] oy 0z

_ tHAL [FIHAR [I24AF2 (o+Ac
t Tt x2 a

The dependent variables can be decomposed into
an average and a subgrid-scale perturbation ex-
pressed as )

d=0b+d¢,
where ¢" is a deviation from the grid-volume
average. The symbol ¢ represents any one of the
dependent variables.

Using (5), Eq. (3) can be rewritten as

o' s OF
O _ i, - wam - g O
ot ox!
% .
- T';é—g — 280G, (6)
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where, since 7;-7; does not equal zero when i # j,
this coordinate system in general is nonorthogonal.
In the original rectangular coordinate system, the
normal and tangent basis functions are the same
(i.e., i, j and k) and are orthogonal to one another.

The individual contravariant and covariant ve-
locity components are found from #f = wi-u and
a4, = 7;-u, respectively, where u = ui + vj + wk,
so that

. . 8h
' =u, i, =u+—w
ax!
_ . h
=, Uy =0 +—w
ax?
. oo oo do oh
B=U—F+v0—Fw—\ =w—.
ox oy 0z axs

Kinetic energy is computed from these expres-
sions by

e = YVao(alia, + a%i, + idi,).

As mentioned earlier, averaging of (3) is required
if these equations are to be used in meteorological
numerical models with finite grid and time intervals.
The correct form of averaging this equation is called
the grid-volume average and is given by

Ydo di®dx'dt/(Ax)(AXE(Ao)(AL). 5)

In deriving this form it has been assumed that
8 =6(1 + 0"67!) = 0 and that

N 2w

= l:ll;
a_i a_i -
&4 —a—'j- , etc., (therefore 2" = 0, etc.). (7)
t

Assumption (7), when applied in a rectangular co-
ordinate system, is called Reynold’s averaging. To
make this assumption in the transformed coordinate
system, however, it is necessary to require that
changes of the metric tensor over the four-
dimensional grid-volume AX'Ax*AcAt are small,
since this tensor appears in (6). Expressed mathe-
matically, this requirement can be written as

——  [UFA ZHAR (B2HARE (oHAC _
G =J J J J Gldo dx*dxtdt(AD(AXYAXD)(Ao) = GU.

t I 72 o
This requirement has significant implications on the
choice of the vertical generalized coordinate since

it must be selected such that variations of the gradi-

ent of the transformed coordinate within the grid
volume are small compared with variations in the
averaged gradient between adjacent grid volumes.
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The advection term in (6) is derived from

. O ——— 0 oz
;= u’—5~—j + I“?,uful ~ 5 + Thida!
X X

out T eat
~ @ — + i + Til@a! + @a"]
ox’ ox’

= @i, + 7T,

where the assumption that changes of the metric
tensor and its derivatives are small permits the re-
moval of the Christoffel symbol from the integrand
[this assumption can also be written as

Py =T + I =T + I} =T,

where 3 -
[T < |31

The Coriolis term can be expanded as
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280, = 204G\, i ;G 12
= 26,,, ox” Q G it™ -6—0
[with Q, = (0, || cos¢, |Q| sing) = (0, 772, f12),

where (2 is the rotation rate of the earth and ¢ the
latitude]. In addition,

oh oo _
axs

07 0x®
axt
9z

L

a9z

With the decomposition of the variables into re-
solvable and subgrid scale terms, Eq. (6) can there-
fore be written for the generalized vertical coordi-
nate representation in component form as

ot ..ot onY . om . o OF - oh oh
— =l — = — = 0 — - —'—,'+(f f)( ‘+-——u2+—u)
t ox’ oxd ox! ax i3 ax! ox? ax?
oh oh . 8h\27 - oh Oh -
—fl—m—'+ |1+ |[—]| | +——a%}, @8
f{afﬁ % [ (afﬁ) ]" 0% 010 ] ®
=9 =g Son -
Qa0 0 0% 00 9% _f?f'_f(_"h_n +E’_‘L=z+i_"_as)
t el ox? 0x2 dy 0x3 ox!” \ ax? 8x2 ox3
oh éoh oh - 8h oh
o () ki ] o
ox! ox! 9x2 ox' ox®
9_’23 = 6'%3 - 3ﬁ~3’ _ f?,ft’fl‘ _ =?lﬁj"ﬁl” - 0[ o 671- _ajtﬂfi + [(21)2 + (’23.)2
ot oxs ox ox ox' dy ('ix2 ox ay
2797 Oh\27- h o oh oh .
(] (e o () o 2 22
0z ox3 0x%" ) 8z ox! ox! 9x? ox! 9xd
il _—[ah Oh it + [1+(6h)]u2+3’19f-"3]—91g. (10)
ox! 0x2 9x! 0x? 0x2 ox3 0z

~ Toillustrate the effect of utilizing the hydrostatic
assumption in (8)-(10), it is convenient to use (1)

as the generalized vertical coordinate. The relation
between the spatial coordinates in the two repre-
sentations is given by

Xl =x, x = it
=y, . y = %2
3 =0 = slz — ze(x, (s — z6(x; Y1, , (11

o _
z=h=—[s — zg(#,
s

)] + ze(x1,

X%
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so that the nonzero quantities needed to evaluate
the Jacobian, metric tensor and Christoffel symbol
are given as

60‘_626(0'—s) 6h_azg(s—0‘)
ox ox\s — z¢ oxt  axt s
E:%(G”s) 9_&:6_2_6(3_0) , (12)
Oy oy \s — z¢ oxz  ax? s
9o s oh s —zg
0z s~ zg do s )
- - o 8 - - o 82
r:1<x1 = u id ~ZZ s r%2 = u i —_‘_3 >
s — zg F! s — Zg 0x?
F3 s — 0 622(; . 1 BZG
FZI = Y 3 = — Ry
s — z¢g Ox'0x? s — zg Ox?
. 1 4
£y, = 02
s — zg OX
with 3 3 ) ) 3 }
I3, =1%, 1% =10%, Th=1%. (13)

The individual contravariant components can be
expressed in terms of the rectangular components as

)

1

i =i,
it =9, '
= 8zg( o — 8 0zg/ o — 5§ _
a3=12———6( )+z‘;—G( )+w

ox\s — zg oy \s — z¢ S —2Zg

Using (12) and (13) in (8)—(10), it follows that this
system of equations involves more nonzero terms
than in the original specification in the rectangular
system. The extra terms are particularly evident in
the vertical equation in which the Christoffel sym-
bols appear, and in the Coriolis terms. Clark (1977),
and Gal-Chen and Somerville (1975) use (1) in equa-
tions similar to (8)-(10) in a nonhydrostatic meteoro-
logical model, although they do not retain the
Coriolis terms.

At this point it is appropriate to introduce the
hydrostatic assumption. From (4), it is evident that

do
n'=i, n*=j and =k —,

0z
when
do) < |9, 16_0<£, (14)
0x 09z dy 0z
which permits (10) to be rewritten as
6:3 _ 6:3 6:3,, o I
i iy T L | 25T
ot ox’ ox’
- (80 \? o do 00 -
-2} T2, (5
(62)6}23 e % =
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as long as the magnitude of 97/0x° is at least as large
as that of d7/0x* and 87/9x2.

If the hydrostatic assumption is applied, where
acceleration in the o direction [which is essentially
vertical as given by (14)] and the Coriolis terms are
much less than the pressure gradient and the gravi-
tational acceleration terms, then (15) reduces to

- . 6 -1 _
om _ 8w _ _f__(_o) - 857 % (16)
oxs do g\ 0z ]
Similarly, (8) and (9) reduce to
i’i_l = _,ia‘?_f:‘;l — o™
ot ox’ ox’
_ 9T L T8 0%% | pas g (17)
axt s ox
out g0, 9
ot ox’ 0x!
. 07 -5 0 -
—oT g TSI . (18)
ox? s

Eqgs. (16)—(18) are in the form obtained when the
chain rule is applied separately for the horizontal
and the vertical equations of motion. As shown here,
however, (16)-(18) are only approximate relation-
ships when a complete tensor transformation is ap-
plied, and they are valid only when (14) applies.
The terms given in (14) can also be written as

iles

ax

do
dy

0z
oy

0zZg
ox

’

max max

Hence, the inequality given by (14) states that |9zg/
dx| = |8z4/9y| < 1is a necessary condition to as-
sure the validity of (16)—(18). In terms of the terrain
representation, this condition requires that the slope
must have an angle <45°.

The subgrid-scale terms which are included in (17)
and (18) must also be parameterized in terms of
known quantities in order to completely specify
these equations. In the original rectangular coordi-
nate system, it is the customary practice to decom-
pose the subgrid-scale terms into vertical and hori-
zontal components, such that, for the equation of
motion with i = 1, for example,

—-pwu" =F,, —-puu" =F}, (=12,
where F, represents the vertical turbulent fluxes of
the east—west, «, component of velocity, while Fj;
indicates the horizontal turbulent fluxes of « (i.e.,
—pu"? and —pv"u"). This separation into two com-
ponents in mesoscale models is necessitated for two
major reasons:
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o In most mesoscale models, the horizontal grid
spacing (Ax, Ay) is much larger than the vertical
spacing (Az) so that the parameterizations of subgrid
scalé mixing in the horizontal and vertical directions
would be expected to be quite different.

e Much more is known about the functional form
of vertical subgrid scale fluxes than of horizontal
subgrid-scale fluxes. Thus, two completely different
parameterizations are required, with the vertical flux
representation being much more detailed.

In a terrain-following coordinate system, when

0z¢

dy
it, therefore, is desirable to retain this separation
into vertical and horizontal flux components. To
illustrate this, multiply the first two terms on the
right-hand side of the equality in (17) by p(s — z¢)/s
so that

EEES1 L it
s ox? ox?

0zg

<1,
ox

-p = [(fﬂ i) (@ + u)] :
s ox’

i) - — —
- 2Rl G v,
ax’ )
_ d[. (S - ZG) :J:I]
a'j[p K
+ ;a_‘[i) (s - ZG) ﬁjlrlzl_;l] .
ox’ s

In writing this expression, the anelastic form of the
conservation of mass equation, [i.e., d(pu;)/8x; = 0]
in the transformed system,® given by
1 ij .
— (s — z0)i = 0,
s — 25 08 " ¢

along with the assumption that " = 4! = 0 as de-
fined by (7), has been used. Similar terms, of course,
can be derived for the advection terms in (18).:

Thus, in the transformed coordinate system the
subgrid-scale fluxes are given as

8 %) gmr _ F
N

(o184
- (S - ZG) m—fu‘ -

b G=1,2)
N

where F,_, and Fj, are, respectively, the i' fluxes
in the x°® direction, and the X! and x? directions.
Since it is assumed that

3 See Dutton (1976, p. 143) for the derivation of this mass
conservation relation in any holonomic coordinate system.
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do oo
_—] = | — <€ 1’
Oxt Ox?
and so
a
2% <,

0z

it is reasonable to also assume that the fluxes in
the %® and x3 directions in the two systems are almost
equal and so

F, =

where the overbar with the R superscript is used to
emphasize that this averaging volume is different
from that given by (5) (in this case a rectangular
volume). Moreover, if w'u"" is assumed proportional
to an exchange coefficient which is a function of
height ¢ above the ground and the mean velocity
profile &%, as is often done, then
7R

s o S ©® ou
s — Zg 0z

S_ZG

Since i' = @1, £ = o(s — z¢)/s and (8/8z) =~ s/(s — z¢) '
X 0/dx®, then this approximation for the vertical sub-
grid-scale flux becomes

2 1
5= s s — Zg\Ou
u3'u"= —( )K(O’ )—~,

s — zg s ox?

and so the x2 flux term in (17) can be represented as

;,s"i":( S )2iK‘9_f“
ax® s —zg/ 0x%  0x

where K is a function of a(s — z¢)/s (i.e., is a func-
tion of height above the ground). The subgrid flux
in the ¥ direction in (18) can be shown to have
the same form.

The subgrid-scale fluxes in the ! and x2 directions
could be written in a similar form; however, since
essentially nothing is known about their functional
form on the mesoscale in the rectangular coordinate
representation, no purpose is served by writing them
here. Subgrid-scale fluxes in the horizontal direction
are included in models for computational reasons
only.

’

3. Summary and discussion

This paper uses tensor transformation procedures
in order to derive a terrain-following coordinate
system which is frequently used in a number of re-
gional and mesoscale hydrostatic models. The tech-
nique utilizes tensor transformation procedures in
order to ensure the physical invariance of the con-
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servation relations between the Cartesian and
terrain-following systems.

The analysis has shown that, in general, applying
the chain rule separately to the hydrostatic equa-
tion and the horizontal equations of motion in order
to transform them to a generalized vertical coordi-
nate system yields a different form of equation than
when the tensor transformation is applied before
the hydrostatic assumption is made. Only when the
slope of the terrain is much less than 45° will the
two procedures of obtaining transformed equations
yield the same forms.

In addition, if the hydrostatic assumption is made
before the coordinate transformation is applied, ki-
netic energy is generally calculated by the contra-
variant velocity components (i.e., e = Vi), As
given by Dutton (1976, p. 250), however, this formu-
lation is incorrect since kKinetic energy should be
derived from the product of the contravariant and
covariant velocity components [(i.e., e = V5(it%i;)].
Even for small slope angies, the use of the contra-
variant components alone could result in significant
errors in kinetic energy calculations.

Moreover, because the equations must be av-
eraged, in order to apply them to mesoscale and
regional-scale atmospheric problems, variations of
the gradient in the generalized vertical coordinate
system within a grid volume must be small. When
the generalized coordinate includes terrain ele-
vation, this condition requires that the variations
in the gradient of the actual topography within areas
equivalent to the model grid mesh, must be much
smalier than variations in the averaged terrain slope
between adjacent grid mesh areas. Otherwise, terms
such as the subgrid scale velocity fluxes must in-
clude the effects of correlations between terrain
slope and the fluctuating velocities.

The Fourier decomposition of elevation over a
region offers one methodology to examine terrain
variability over a region. Pielke and Kennedy*
(1980), have recently used such a spectral technique
in order to determine the spatial scales of the ter-
rain slopes in a portion of central Virginia. Such an
evaluation is essential for the definition of the proper
grid resolution required in a model (i.e., to assure
that most variations of terrain slope are on a spatial
scale larger than the grid increment in the model).

It was also shown that the effect of the generalized
coordinate on the parameterization of the planetary
boundary layer must be considered. In defining a
profile exchange coefficient as a function of distance
above the ground, for instance, the eddy coefficient
must be computed from the actual height and not the

4 Pielke, R. A., and E. Kennedy: Mesoscale Terrain Features,
January 1980, Rep. No. UVA-ENV SCI-MESO-1980-1, Depart-
ment of Environmental Sciences, University of Virginia, Char-
lottesville.
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new generalized vertical coordinate. Although
boundary-layer theory over irregular terrain is not
‘well advanced, and though errors in its proper repre-
sentation using horizontally homogeneous, steady-
state boundary-layer theory may be significant, one
should at least be assured that its mathematical
Trepresentation is consistent.

Finally, this study was undertaken in order to
critically examine the use of a terrain-following co-
ordinate system in hydrostatic models. Although the
resultant equations usually can be written in the
same form as those used in the past, this investiga-
tion critically delineates the conditions under which
they apply. These conditions should be considered
whenever simulations of atmospheric circulations
are attempted.
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