
CHAPTER 33

STOCHASTIC SIMULATION OF
PRECIPITATION AND STREAMFLOW
PROCESSES
JOSE D. SALAS, JORGE A. RAMiREZ, PAOLO BURLANDO,
AND ROGER A. PIELKE, Sr.

1III

Stochastic simulations of hydroclimatic processes such as precipitation and stream-
flow have become standard tools for analyzing many water-related problems. Simu-
lation signifies "mimicking" the behavior of the underlying process so that realistic
representations of it can be made. For this purpose a number of empirical, mathe-
matically /physically based, mathematically/stochastically based, analog/physically
based, and physical/laboratory-scale based models and approaches have been
proposed and developed in the literature. This chapter emphasizes simulation
based on stochastic and probabilistic techniques. Also, the emphasis will be on
precipitation and streamflow processes, although many of the methods and models
included herein are equally applicable for other hydroclimatic processes as well such
as evapotranspiration, soil moisture, surface and groundwater levels, and sea surface

temperature.
Stochastic simulation enables one to obtain equally likely sequences of hydrocli-

matic processes that may occur in the future. They are useful for many water
resources problems such as (a) estimating the design capacity of a reservoir
system under uncertain streamflows, (b) evaluating the performance of a water
resources system in meeting projected water demands under uncertain system's
inputs, (c) estimating drought properties, such as drought length and magnitude
based on simulated streamflows at key points in the water supply system under
consideration, (d) deriving the distribution of the underlying output variable of a
groundwater flow equation (e.g., the hydraulic head), given the distribution of the
parameters (e.g., the hydraulic conductivity) and boundary conditions, (e) establish-
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Figure 1 Schematic representations of (a) Poisson white noise, (b) Poisson rectangular
pulse, and (c) Neyman-Scott white noise processes (after Salas93).

ism for generating rainfall. First, storm-generating mechanisms or simply storms
arrive governed by a Poisson process with parameter ).t. Figure lc shows that n
storms arrive at times t" , , , , tn in the period (0, t). Then, associated with each
storm, there are a number of precipitation burs;ts that are Poisson or geometrically
distributed with parameter v, Figure lc shows three precipitation bursts associated
with the storm that arrived at time t1' In general mj precipitation bursts are associated
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with the storm that arrived at time t}. In addition, the time of occurrence of bursts, t,
relative to the storm origin t} may be assumed to be exponentially distributed with
parameter p (e.g., in Fig.lc the three bursts arising from the first storm are located at
times tl,l, tl,2, and tl.3 relative to tl). Then, if the precipitation burst is described by
an instantaneous random precipitation depth R, the resulting precipitation process is
known as Neyman-Scott white noise (NSWN) while if the precipitation burst is a
rectangular pulse the precipitation process is known as Neyman-Scott rectangular

pulse (NSRP).
Estimation of parameters for Neyman-Scott (NS) models has been a major

subject of research in the past two decades.9.22.30.51.71 The usual estimation has
been based on the method of moments, although other approaches have been
suggested?9.51.82 An apparent major estimation problem is that parameters estimated
based on data for one level of aggregation, say hourly, may be significantly different
from those estimated from data for another level of aggregation, say daily. I 1.30.71.86

The problem seems to be that as data are aggregated, information is lost and corre-
sponding second-order statistics do not have enough information to give reliable
estimates of the parameters of the generating process (model), and, as a conse;'
quence, they become significantly biased with large variance. For example, extensive
simulation studies were carried out by Cadavid et al.11 based on the NSWN model
with (known) population parameterS: ). = 0.102 X 10-3jmin, p = 0.0022ljmin,
.u = 24.36jin, and ljv = 0.072 (parameter of the geometric distribution for the
cluster size). Hourly and daily series were used to estimate moments (mean, standard
deviation, and lag-l and lag-2 correlation coefficients) from which the parameters
were estimated. The results are shown in Table 1. Clearly, despite that the generating
mechanism is known (the NSWN), less reliable estimates of parameters are obtained
when daily values are used. Estimation based on weighted moments of various time
scales in a least-squares fashion is an alternative.JO.22 Also, physical considerations
may be useful in setting up constraints in some of the parameters, initializing the
estimates to be determined based on statistical considerations, and for comparing the
fitted model parameters with some known physical properties. J 7 Koepsell and

Valdes54 applied these concepts using the space-time cluster model suggested by
Waymire et al.116 for modeling rainfall in Texas and pointed out the difficulty in
estimating the parameters even when using physical considerations.

Besides the class of Poisson processes and Neyman-Scott cluster processes, other
types of temporal precipitation models have been suggested such as those based on
Cox processes,103 renewal processes,7.31 and Barlett-Lewis processes.40.87. Like-
wise, alternative space-time multidimensional precipitation models have been devel-
oped (e.g., Smith and KrajewskiJ04). In addition, all precipitation models based on
point and cluster processes proposed up to date are limited in some respects; e.g.,
they do not include the daily periodicity observed in actual convective rainfall
processes.49.7J Furthermore, Rodriguez-Iturbe et al.89 and others raised the issue
that nonlinear dynamics and chaos may be useful approaches for certain hydro-
meteorological processes such as rainfall. Finally, excellent reviews of the state of
the art in the field have been made32 and a number of studies pertaining to rainfall
analysis, modeling, and predictability have been compiled in special issues of some



6111 STOCHASTIC SIMULATION OF PRECIPITATION

TABLE 1 Comparison between Population and Estimated Parameters of
NSWN Model Based on Hourly and Daily Values

Estimated from
Hourly Dataa

Estimated from
Daily DataaParameter (units) Population Value

;. X 103 (Ijmin)
fJ X loJ (Ijmin)

p. (Ijin)
Ijv

0.102
2.210

24.360
0.072

0.103
2.300

23.990
0.072

0.091
1.630
7.010
0.247

°Estimates based on 12 series of size 36,456 for hourly and 12 series of size 1519 for daily.
From Cadavid et al.11

journals (e.g., .l Appl. Meteo!:, vol. 32, 1993;.l Geoph. Res., vol. 104, no. D24,
1999).

Hourly, Daily, and Weekly Precipitation

We have seen in the previous section that the models and properties for cumulative
precipitation over successive nonoverlapping time perio~s, i.e., discrete-time preci-
pitation, can be derived from continuous-time precipitation models. However, one
may formulate precipitation models directly at hourly, daily, and weekly time scales.
In these cases, the theory of Markov chains has been widely used in the literature for
simulating not only precipitation (in discrete time) but many other hydrologic
processes such as streamflow, soil moisture, temperature, solar radiation, and
water storage in reservoirs.7,13.49,85,90

Consider thatX(t) is a discrete valued process that started at time 0 and developed
through time, i.e., t=O,I,2, Then P[X(t)=xIIX(O)=xo, X(l)=XI'...'
X(t -I) = XI-I] is the probability that the process X(t) = XI given its entire history.
If this probability simplifies to P[X(t) = XI I X(t -1) = xI-I], the process is afirst-
order Markov chain or a simple Markov chain. Because X(t) is a discrete valued
process, we will use the notation X(t) = j,j = I, ...,r instead of X(t) = XI' wherej
represents a state and r is the number of states; e.g., in modeling daily rainfall one
may consider r = 2 with j = 1 for a dry day (no rain) and j = 2 for a wet day. A
simple Markov chain is defined by its transition probability matrix P(t), a square
matrix with elements Pij(t) = P[X(t) = jlX(t -I) = '1 for all i,j pairs. Furthermore,
q}t) = P[X(t) =j],j = I,..., r, is the marginal probability distribution of the chain
being at any state j at time t and q}O) is the distribution of the initial states. More-
over, if P(t) does not depend on time, the Markov chain is a homogeneous or
stationary chain and, in this case, the notations P and Pij are used. The estimation
of some probabilities that are useful for simulation and forecasting of precipitation
events are the n-step transition probability Pijn), the marginal distribution q}t) given
the distribution q}O), and the steady-state probability vector q*. These probabilities
can be determined from well-known relations available in the literature.39,118
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Estimation for a simple Markov chain amounts to estimating the elements Pij of
the transition probability matrix. Common estimation methods include the method
of moments and maximum likelihood.39 To test whether a simple Markov chain is an
adequate model for the process under consideration, one can check some of the
assumptions of the model and see whether some relevant properties of the precipita-
tion process are reproduced (e.g., compare the probability pijn) with that obtained
from the observed data, jJ&1. Furthermore, the Akaike information criterion has
been helpful in selecting the order of Markov chain models.ls.48

Although in some cases simple Markov chains may be adequate for representing
the variability of precipitation, often more complex models may be necessary. For
instance, in modeling daily rainfall processes throughout the year, the parameters of
the Markov chain may vary with time (e.g., for a two-state Markov chain, the
transition probabilities Pij may vary along the year and the estimates can be fitted
with trigonometric series to smooth out sample variations 9°). Higher order Markov
chains may be necessary in other cases. Chin I 5 analyzed daily precipitation records

of more than 100 stations across the continental United States and concluded that
generally second- and third-order models were preferred for the winter months while
the first-order model was better for the summer months. In addition, maximum
likelihood for estimating Fourier series coefficients for alternating renewal processes
and Markov chains for daily rainfall90 and mixed models with periodic Markov
chains for hourly rainfall (to account for the effect of daily periodicity) have been

suggested.49

Monthly, Seasonal, and Annual Precipitation

Modeling of precipitation for long time scales such as monthly is generally simpler
than for short time scales such as daily, especially because for long time scales the
autocorrelation becomes smaller or negligible (except in cases of low frequency21).
In such cases modeling precipitation at a given site amounts to finding the prob-
ability distribution for each month. Generally different distributions will be needed
for each month. On the other hand, seasonal precipitation data in semiarid and arid
regions may include zero values for some seasons, hence the precipitation is a mixed
random variable. Let XV.T = precipitation for year v and season t, and define
PT(O) = P(XV.T = 0), t = 1,..., w (w = number of seasons per year). Then,
F XT(X) = P T(O) + [1 -P T(O)]F XTI,XT>O(X) is the cumulative distribution function for
season t, in which F xJx) = P T(X ~ x) and F XTI,XT>O(X) = P(X ~ xiX> 0). Thus,
prediction of seasonal precipitation requires estimating P JO) and F XTI,XT>O(X),
Several distributions such as the log-normal and log-Pearson have been used for
fitting the empirical distribution of seasonal precipitation. For modeling precipitation
at several sites, one must consider the intersite cross correlations and the marginal
distribution (at each site). For continu~us random precipitation, a common modeling
approach has been to transform them into normal, then use a lag-O multivariate
model for modeling the transformed precipitation (an approach similar to modeling
streamflow as in Section 2). Modeling of annual precipitation is similar to modeling
seasonal precipitation, i.e., determining either the marginal distribution F x(x) or the
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conditional distribution F x*x>o(x), depending on the particular case at hand. Like-
wise, modeling of annual precipitation at several sites is generally based on trans-
forming the data into normal and using a multivariate normal model.

2 STOCHASTIC SIMULATION OF STREAMFLOW

If one can develop a stochastic model for streamflow in continuous time, then, in
principle, the properties and the models for daily, monthly, and annual streamflow
can be obtained. Some attempts have been made for developing models of stream-
flow processes in continuous time based on physical principles.z° However, the
models of aggregated flows that can be derived from such continuous-time
models, become mathematically cumbersome and of limited applicability for opera-
tional hydrology. 53 Understanding the rules for upscaling the models and parameters

has been a challenging subject for research. Generally most of the models that are
available for streamflow simulation in continuous time and short time scales, such as
hourly, are based on the transfonnation of precipitation into runoff by means of
physical or conceptual principles. Thus the stochastic characteristics of the precipi-
tation input and of the other relevant processes of the hydrologic cycle of the
watershed are transferred into a stochastic streamflow output. Examples of models
in this eategory are represented by SHETRAN26 and PRMS.S9 SHETRAN simulates
"continuous" streamflows along the river network by solving partial differential
equations of the physical processes involved while PRMS is a semidistributed
conceptual model that simulates hourly and daily streamflows. However, in this
section we are mainly concerned with stochastic streamflow models that can be
derived explicitly from the physically or conceptually based relations of the under-
lying hydrologic process of the watershed or directly from the streamflow data.

Continuous Time to Hourly and Daily Streamflow Simulation

The simulation of streamflow on a continuous time scale requires the formulation of
a model structure that is capable of reproducing the streamflow fluctuations on a
wide dynamical range. As already mentioned, the application of stochastic
approaches to continuous time and short time scale streamflow modeling has been
limited because of the complex nonlinear relations that characterize the precipita-
tion-streamflow processes at those temporal scales. The early attempts to model
hourly and daily streamflows were based on using autoregressive (AR) models
after standardization and transfonnation. However, stochastic models essentially
based on process persistence do not properly account the rising limb and recession
characteristics that are typical of hourly and daily flow hydrographs. Also shot noise
or Markov processes and transfer function models have been proposed for daily
flow simulation with some limited success in reproducing the rising limb and
recessions. I 10

Nevertheless, interesting work has been done with some success by using concep-
tual-stochastic models. For instance, Kelman52 applied a conceptual representation
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of a watershed considering the effects of direct runoff and surface and groundwater
storages. Direct runoff is modeled by a PAR( I) model with an indicator function to
produce intermittence and the other components are modeled using linear reservoirs.
Kelman's model produced reasonable results for generating daily flows for the
Powell River, Tennessee. Also following the approach sugge~~ed by Salas and
Obeysekera96 and Claps et al.,16 Murrone et al.68 proposed a conceptual-stochastic
model for short time runoff. A three-level conceptual runoff component and a
stochastic surface runoff model the daily response of the watershed. The base
flow is modeled by three linear reservoirs that represent the contribution of deep
aquifers with over-year response, aquifers with annual renewal, and subsurface
runoff. The surface runoff is regarded as an uncorrelated point process. Modeling
rainfall as an independent Poisson process, the above scheme leads to a multiple shot
noise streamflow process. The model is effective in reproducing streamflow varia-
bility. In addition, intermittent daily streamflow processes have been modeled25 by
combining Kelman's conceptual approach with product models 94 and gamma AR

models28 and by using a three-state Markov chain describing the onset of streamflow
and an exponential decay of streamflow recession.!

Weekly, Monthly, and Seasonal Streamflow

Single-Site Periodic Models. Stationary stochastic models can be applied for
modeling weekly, monthly, and seasonal streamflows after seasonal standardization.
This approach may be useful when the season-to-season correlations do not vary
throughout the year. In general though, models with periodic correlation structure,
such as periodic autoregressive (PAR) and periodic autoregressive and moving
average (PARMA) are more applicable.29.92 An example is the PARMA(I,I)
model97

-Jlt-l) + 8V,t -(JI,t8v.t-1 (1)Y",r = Jlr + cPJ,r(y",r-

where lit' cPl.t' (l1.t' and O't(e) are the model parameters. When the (I's are zeros,
model (1) becomes the PARMA(I,O) or PAR(I) model. Low-order PARMA models
such as PARMA(I,O) and PARMA(I,I) have been widely used for simulating
monthly and weekly flows.3.18,43.84.92.120

PARMA models can be derived from physical/conceptual principles. Consider-
ing all hydrologic processes and parameters in the watershed varying along the year,
it has been shown that seasonal streamflow falls within the family of PARMA
models.96 Alternatively, a constant parameter model with periodic independent resi-
duals was suggested.16 One of the desirable properties of stochastic models of
seasonal streamflows is the preservation of seasonal and annual statistics. However,
such dual preservation of statistics has been difficult to get with simple models such
as the PAR(I) or PAR(2). For this reason in the 1970s hydrologists turned to the so-
called disaggregation models (refer to Section 3). The major drawback of such
simple PAR models to reproduce seasonal and annual statistics has been the lack
of sufficient correlation structure. PARMA models having more flexible correlation
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structure than PAR models offer the possibility of preserving seasonal and annual
statistics. Some hydrologists have argued that PARMA models have too many para-
meters. Yet, one cannot hope for models such as the PAR(I) to do more than it can,
i.e., to reproduce simply the lag-l month-to-month correlations while failing to
reproduce correlations for longer time lags and statistics at higher orders of aggrega-
tion. An alternative for reproducing both seasonal and annual statistics is the family

of multiplicative models.
Box and Jenkinss first suggested multiplicative models. These models have

the characteristic of linking the variable Yv." with Yv.,,-1 and Yv-1.,,' McKerchar and
Delleur66 used multiplicative models after differencing the logarithms of the original
series for simulating and forecasting monthly streamflow series. Because such multi-
plicative models do not take into account periodic correlations, differencing was
used in an attempt to decrease or eliminate such periodicity. However, they were not
able to reproduce the seasonality in the covariance structure and could not establish
confidence limits of forecasts with consideration of seasonality. This problem arises
because the referred multiplicative model does not include periodic parameters.
A model (with periodic parameters) that can overcome the limitations mentioned
above is the multiplicative PARMA model.9s For instance, the multiplicative
PARMA(I,I) x (l.l)/)) model is written as

ZV,T (2)
= Wl,tZV-l,t + cPl,tZv,t-l -Wl,tcPl,tZv-l,t-l + Bv,t

-e1,tBV-l,t -°1,tBv,t-l + e1,tOl,tBv-l,t-l

in which zv" = Yv" -.u, and <1>1", °1", cPI", °1", and 0',(8) are the model para-
meters, This model has been applied successfully for simulating the Nile River

flows,
A limitation of the foregoing PARMA and multiplicative PARMA models for

modeling hydrological time series is the requirement that the underlying series be
transformed into normal, An alternative that does not have this requirement is the
PGAR( I) model for modeling seasonal flows with periodic correlation structure and
periodic gamma marginal distribution.z7 Consider dlat Yv" is a periodic correlated
variable with a three-parameter gamma marginal distribution with location A" scale
(x" and shape p, parameters varying with t, and t = 1,..., w (T = number of
seasons). Then, the new variable zv" =Yv" -AJ is a two-parameter ~~a that
can be represented by zv" = cP,zv,,-t + (Zv,,-I) 'wv" where cPt = penodic auto-
regressive coefficient, (), = periodic autoregressive exponent, and wv" = noise
process. This model has a periodic correlation structure equivalent to that of the
PAR(I) process. It has been applied to weekly streamflow series for several rivers in
the United States.z7 Results obtained indicated that such PGAR model compares
favorably with respect to the normal based models (such as the PAR model after
logarithmic transformation) in reproducing the basic statistics usually considered for
streamflow simulation. Furthermore, a nonparametric approach for streamflow simu-
lation that is capable of reproducing closely historical distributions has been

proposed.loo
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PARMA and PGAR models are less useful for modeling flows in ephemeral
streams. In these streams the flows are intermittent, a characteristic that is not
represented by the above mentioned models. Instead periodic product models such
as Yv" = Bv"zv" are more realistic,94 where Bv" is a periodic correlated Bernoulli
(1,0) process, Zv , may be either an uncorrelated or correlated periodic process with a
given marginal 'distribution, and B and Z are mutually uncorrelated. Properties and
applications of these models for simulating intermittent monthly flows of some
ephemeral streams have been reported in the literature.14.94

Multisite Periodic Models. In modeling seasonal streamftows at several sites,
multivariate PAR and PARMA models are generally used.6.42,92.97 For example, the
multivariate PARMA(I,I) model is

Z",r = c1>rZ",r-l + ~".r -0r~".r-J (3)

in which Zv. t = y;, t -fl.; fI. is a column parameter vector with elements
.u~1), ..., .u~). cl>t ~d e-;tare-~ x n periodic parameter matrices, the noise term
~V.t is a column vector normally distributed with E(~v.t) = Q, E(~v.t~~t) = r t'
and E(~v.t~~t-k) = 0 for k =I 0, and n = number of sites. In addition, it is assumed
that ~v. t is uncorrelated with Z". t-I' Parameter estimation of this model can be made
by the method of moments, although the solution is not straightforward. Dropping
the moving average term in (3), i.e., et = 0 for all t'S, yields a simpler multivariate
PARMA(I,O) or PAR(I) model. This simpler model has been widely used for gener-
ating seasonal hydrologic processes. Further simplifications of the foregoing models
can be made to facilitate parameter estimation. Assuming that cl>t and et ofEq. (3)
are diagonal matrices, the multivariate PARMA(I,I) model can be decoupled into
univariate models for each site. To maintain the cross correlation among sites ~v. t is
modeled as ~\'.t = Bt~".t where E(~v.t~~t) = I and E(~v.t~~t-k) = 0 for k =I O. This
modeling scheme is a contemporaneous PARMA(I,I), or CPARMA(I,I), model.
Useful references on this type of models are available in the literature.42.84.92.97

Annual StreamflowsAutoregressive 

(AR) and autoregressive and moving average (ARMA) models have
been the most popular models for single site and multisite annual streamflow simu-
lation. Specifically, low-order models have been widely applied for generating
annual flow series.29.42.61.62.72.92

Single-Site Stationary Models. The AR(!) model is defined as Yt = J.L +cP(Yt-1 
-J.L) + f.t. Its autocorrelation function Pk = cPPk-1 = cPt decays exponen-

tially as the time lag k increases. This model has been a prototype of short memolY
models because Pk goes to zero relatively fast and as a result h -+ ~ rather quickly in
E(R;*) '" nh (R;* = rescaled range of cumulative departures from the sample mean).

A more versatile model than the AR(I) is the ARMA(I,I) given by6.42.97

Yt = J.L + cP(Yt-1 -J.L) + G, -OGt-1 (4)
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Its autocorrelation function Pk = (1 -4>0)(4> -0)(1 -24>0 + 01-14>k-1 is more
flexible than that of the AR( 1) model because it depends on the two parameters 4>
and 0. The ARMA process can represent long memory dependence,72.91 a property
that is important for many rivers. AR and ARMA models assume that the underlying
series is normally distributed, an assumption that is not always applicable for annual
streamflow series. While one can circumvent this assumption by transforming the
skewed series into an approximately normal series, a direct approach that does not
require a transformation is a viable alternative. The gamma autoregressive (GAR)
process Yt = A(l -4» + 4>Yt-1 + 17t offers such an alternative where Yt is gamma
distributed with parameters A, IX, and p (the location, scale, and shape parameters,
respectively), 4> = autoregressive coefficient, and 17t = noise term. The GAR(l)

model has the same autocorrelation function as that of an AR(l) model. Estimation
procedures and applications of the GAR model for simulating annual streamflow
series can be found in the literature?8

AR, ARMA, and GAR models are useful for modeling streamflow processes in
perennial rivers, yet they are inadequate for intermittent processes such as stream-
flows in some ephemeral streams. Intermittent processes can be modeled as Yt = BtZt
where Yt = non-negative intermittent variable, Bt = dependent (1,0) Bernoulli
process, Zt = positive valued continuous autocorrelated variable, for instance, an
AR(l) process, and Bt and Zt are assumed to be mutually uncorrelated. Thus, the
resulting product process Y t is intermittent and autoregressive. These models have
been applied for modeling short-term rainfall and intermittent flow processes.7.13.94

Finally, other type of models, such as fractional Gaussian noise.64 broken line,6
shifting level,93 and FARMA 42 have been proposed for representing certain special

properties of annual streamflow time series. For example, the shifting level model
has the capability of simulating time series with sudden changes, a property that has
been observed in many hydroclimatic processes.

Multisite Stationary Models. Modeling of multiple time series is widely needed
in hydrology. Consider the column vector Yt with elements yP), ...,y~") in which
n = the number of series (number of variables) under consideration. The multi-
variate AR(I) model is defined as65

(5)

Z, 

= cl>Z,-1 +~

. h' h 2 v ' I f (1) (n)' IIn W lC / = 1/ -fJ., fJ. IS a co umn vector 0 means J1. ,..., J1. , ~ IS a co umn
vector of normal noises ep),.." B~n), each with zero mean such that E<!:tfl) = r
and E<!:tfl-k) = 0 for k # 0, and <I> and r are n x n parameter matrices. In addition,
it is assumed that ~ is uncorrelated with 2/-1, Model (5) is a prototype of short-
memory models for multiple series and has been widely used in operational
hydrology.29.42.62.92 Likewise, the multivariate ARMA(I,I) model can be written
as in Eq. (3) except that the parameters <I> and e do not depend on time,

Except for low-order multivariate AR models, using the full multivariate ARMA
models often leads to complex parameter estimation.73.92 Thus, model simplifica-
tions have been suggested, For instance, a contemporaneous ARMA (CARMA)
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model results if <I> and E> are diagonal matrices. This concept, which has been
advocated by Salas et al.,92 Stedinger et al.,lo6 and Hipel and McLeod42 can be
extended to the general case. A contemporaneous relationship implies that only the
dependence of concurrent values of the y's are considered important. Furthermore,
the diagonalization of the parameter matrices allows "model decoupling" into
component univariate models so that the model parameters do not have to be esti-
mated jointly, and univariate modeling procedures can be employed. Thus, univariate
ARMA(p, q) models are fitted at each site where each B~'), j = 1,..., n is uncorre-
lated, but are contemporaneously correlated with a variance-covariance matrix r.
Thus, the parameters, 4>'s and ()'s in each model, can be estimated by using univariate
estimation rrocedures and the B's can be modeled by !:.r = B~I in which ~ is normal
with E(~ ~ ) = I and E(~ ~T ) = 0 for k # O. Note that one does not have to con-

-='/-='/ -1-I-k
sider the same univariate ARMA(p, q) model for each site.

3 TEMPORAL AND SPATIAL DISAGGREGATION MODELS

Disaggregation models, i.e., downscaling models in time and/or space, have been an
important part of stochastic hydrology, not only because of our scientific interest in
understanding and describing the characteristics of the spatial and temporal varia-
bility of hydrological processes, but also because of practical engineering applica-
tions. For example, many hydrologic design and operational problems require hourly
precipitation data. Because hourly precipitation data are not as commonly available
as daily data, a typical problem has been to downscale or disaggregate daily data
into hourly data. Similarly, for simplifying the analysis and modeling of large-scale
systems involving a large number of precipitation and streamflow stations, temporal
and spatial disaggregation procedures are needed. This section brielly reviews some
empirical and mathematical models and procedures for temporal and spatial disag-
gregation of precipitation and streamflow.

Disaggregation of Precipitation

Generally the disaggregation of station precipitation data defined at a given time
interval into precipitation for smaller time intervals has been done empirically.74 For
instance, by using either tables or gmphs, one can do disaggregation of 24-h (daily)
precipitation into 6-h precipitation. More complete disaggregation schemes has been
developed.41.119. Hershenhom and Woolhiser41 considered daily rainfall amounts
and a model to obtain within-the-day magnitudes for the number of storms,
amount, duration, and arrival time for each storm. They indicated that simulated
rainfall sequences compared well with observed values. Although the foregoing
models are innovative, they are not satisfactory, i.e., they are complex and require
many transformations of the original data to obtain reasonable results. Another
shortcoming is the lack of flexibility in the number of intervals considered.

Another formal disaggregating scheme for short-term rainfall was developed by
Cadavid et al. I I Disaggregation models were developed assuming PWN and NSWN
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(refer to Section 1) as the underlying rainfall-generating mechanisms. Formulation
of the disaggregation algorithm for the PWN model is based on the distribution of
the number of arrivals N conditioned on the total precipitation Y in the time interval,
the distribution of the white noise term given N and Y, and the distribution of the
arrival times conditional on N. The algorithm performs well when using simulated
PWN samples. The disaggregation scheme based on the NSWN model is more
complex. It performs well on simulated and recorded samples provided that the
model parameters used are similar to those controlling the process at the disaggrega-
tion scale. The main shortcoming is the incompatibility of parameter estimates at
different aggregation levels as pointed out in Section 1. Recently, a rainfall disag-
gregation based on artificial neural networks has been suggested.8

Epstein and Ramirer4 developed a multiscale, linear regression, statistical
climate inversion scheme based on the disaggregation model of Valencia and
Schaakelll given by

Y =AX+B8 (6)

where Y is a matrix of downscaled hydroclimatic values (e.g., precipitation), X is a
matrix of up scaled hydroclimatic values, A and B are parameter matrices, and 6 is a
matrix of independent standard normal deviates. All terms in the above equation are
functions of time, and the downscaling model is conditioned on time through the
temporal evolution of the large-scale field, X. Parameter estimation, based on the
method of moments, leads to the preservation of the first- and second-order moments
at all levels of aggregation.

Disaggregation of Streamflow Data

The shortcoming of low-order PAR models when applied for simulating seasonal
flows in reproducing the annual flow statistics led to the development of disaggrega-
tion models such as the Valencia-Schaake model (6). In this model, the modeling
and simulation of seasonal flows is accomplished in two or more steps. First the
annual flows are modeled so as to reproduce the desired annual statistics [e.g., based
on the ARMA(I,I) model]; then synthetic annual flows are generated, which in turn
are disaggregated into the seasonal flows by means of Eq. (6). While the variance-
covariance properties of the seasonal flow data are preserved and the generated
seasonal flows add up to the annual flows, model (6) does not preserve the covar-
iances of the first season of a year and any preceding season. To circumvent this
shortcoming, Eq. (6) has been modified as Y = AX + B~ + CZ, where C is an
additional parameter matrix and Z is a vector of seasonal values from the previous
year (usually only the last season of the previous year) for each site.6 Further
refinements and corrections assuming an annual model that reproduces Sxx and
Sxz has been suggested57 as well as a scheme that does not depend on the annual
model's structure yet reproduces the moments Syy, Syx, and SXX.IO5

The foregoing disaggregation models have too many parameters, a problem that
may be significant especially when the number of sites is large and the available
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historical sample size is small. Lane56 sets to zero some of the parameters in the
above disaggregation model so that

YT = A7 + BT~ + CTYT-I 1, (7)t ,w

is a model with fewer parameters. Parameter estimation and appropriate adjustments
so that the seasonal values add exactly to the annual values at each site can be found
in the literature.56,97

The estimation problem can be simplified if the disaggregation is done in steps
(stages or cascades) so that the size of the matrices involved and consequently the
number of parameters decrease.6 For instance, annual flows can be disaggregated
into monthly flows directly in one step (this is the usual approach), or they can be
disaggregated in two or more steps, e.g., into quarterly flows in a first step; then each
quarterly flow is further disaggregated into monthly flows in a second step. However,
even in the latter approach, considerable size of the matrices will result when the
number of seasons and the number of sites are large. Santos and Salas98 proposed a
stepwise disaggregation scheme in such a way that at each step the disaggregation is
always made into two parts or two seasons. This scheme leads to a maximum
parameter matrix size of 2 x 2 for single-site disaggregation and 2n x 2n for multi-
site. Disaggregation models that reproduce seasonal statistics and the covariance of
seasonal flows with annual flows assuming log-normal seasonal and annual flows
have been also suggested.36,107 Also temporal disaggregation based on nonpara-
metric procedures has been proposed.

Although disaggregation has been a major development and a practical tool in
stochastic hydrology, still the question of why certain periodic models fail to repro-
duce annual statistics remained. Thus, more complex models such as PARMA
models were suggested and developed in the 1970s and the early 1980s. Their
capabilities for reproducing statistical properties beyond the seasons have been
explored by Obeysekera and Salas 70 and Bartolini and Salas.3

4 TEMPORAL AND SPATIAL AGGREGATION MODELS

As in disaggregation, the aggregation (upscaling) modeling approach deals with
streamflow processes at two or more levels of aggregation or time scales. However,
the two concepts are quite different. In disaggregation, the modeling and generation
procedure is backward in the sense that one models and generates annual flows first,
then monthly, weekly, and daily flows are obtained in successive disaggregation
steps. On the other hand, in temporal aggregation, the procedure is forward, i.e.,
one models and generates daily flows first and then successively weekly, monthly,
and annual flows are modeled and generated. The basic premise of the aggregation
approach is that the stochastic characteristics at the continuous time scale dictate
those at any level of aggregation or time scale. The relationship between statistics at
various time scales has been explored in the literature.5o
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The aggregation modeling approach for streamflow processes was developed by
Vecchia et al.112 Assuming that monthly flows follow a PAR(I) or PARMA(l,l)
process, it was shown that the resulting model for the annual flows is the stationary
ARMA( 1 , l). The foregoing concepts and results brought into light the structural
linkage and compatibility between streamflow models (and their parameters) of
various time scales. Streamflow data of the Niger River at Kaulikoro, Africa, were
used to illustrate some of the aggregation concepts, especially in relation to reprodu-
cing the annual correlation structure when the seasonal flows were modeled by the
PAR(l) and PARMA(l,l) models!O It was shown that in comparing the parameters
and the correlograms of the ARMA( 1 , I) models of annual flows derived from the
models of seasonal flows, the results obtained from the PARMA(I,l) model were
significantly better than those obtained from the PAR(l). In addition, the results
obtained vary depending on the number of seasons considered in the year (e.g.,
monthly, quarterly), and better results were obtained, as the number of seasons in the

year became smaller.
Bartolini and Salas3 extended the concept of aggregation to include aggregation

not only from seasons to a year but from weeks to months, months to seasons, and
seasons to years. For instance, the aggregation of a PARMA(2, l) monthly flows
leads to a PARMA(2,2) bimonthly flows; in turn the aggregation of such
PARMA(2,2) bimonthly flows gives also a PARMA(2,2) for the quarterly flows.
Furthermore, if such quarterly flows are aggregated into annual flows, then the
model is the stationary ARMA(2,2). The partial aggregation concepts have been
applied to the Niger River seasonal and annual flows, and the results showed the
superiority of the PARMA(2,l) and PARMA(2,2) models relative to the other
models tested in reproducing the variance-<:ovariance properties of the annual
flows. The application of the aggregation concepts for modeling the seasonal and
annual flows of the Niger River at various time scales suggest the need for using
PARMA models for streamflow modeling and simulation if one would like to repro-
duce seasonal and annual first- and second-order statistics. The traditional models
such as the PAR(l) simply are deficient for modeling flows such as those of the
Niger. The usual approach to model seasonal and annual flows has been to use
different models for different time scales, disregarding the compatibility among
models at various time scales. The aggregation concepts and results discussed in
this section point out that such traditional approaches and models for streamflow

simulation must be avoided.
Similar reasoning as in temporal aggregation applies for spatial aggregation of

streamflow processes. For instance, one can assume a stream network composed of a
number of first-, second-, and third-order streams. Consider first modeling the flows
at the junction of two first-order streams. Naturally, the model at a site immediately
downstream from the junction must be derived from the bivariate model defined at
two upstream sites, one in each of the tributaries. In turn, the model of the flows of
the second-order stream as it joins the flows of another, say, second-order stream
must define the model of the flows immediately downstream from the junction, and
so on as the streamflow travels down the stream network. Thus, streamflow models
must be compatible in both temporal and spatial scales.
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5 SCALING ISSUES AND DOWNSCALING

Understanding, describing, and modeling local, regional, and global climate and its
nonlinear interactions with hydrological, biophysical, and biogeochemical processes
are currently some of the most challenging problems in the geosciences. It is not
only the high spatial and temporal variability of the governing processes and bound-
ary conditions but the wide range of scales over which this variability occurs.
Distributed hydrologic models require high-resolution input data. Among all hydro-
logic variables, precipitation is of paramount importance in the water and energy
budgets at the land surface-atmosphere interface, and its accurate representation in
hydrologic and atmospheric models is critical. Precipitation is the result of intricately
interrelated atmospheric and land surface processes. It has extreme variability over
time scales from seconds to years and spatial scales from less than meters to
hundreds of kilometers. The sensitivity of hydrologic behavior to the space-time
variability of rainfall is the result of nonlinear interactions between precipitation and
land surface characteristics controlling the transformation of rainfall into soil water
and runoff. Modeling of precipitation requires understanding of the statistical struc-
ture of space-time precipitation and understanding of the physical processes govern-
ing the evolution of precipitation at a range of space-time scales. Because of scale
differences, rainfall downscaling is required for coupling global (or regional) atmo-
spheric models and hydrologic models. In general, downscaling schemes can be
grouped in two broad categories, dynamical and statistical downscaling schemes.

In dynamic schemes, climate and land-use change scenarios at regional and local
scales are developed using regional and local atmospheric models, for example, the
Regional Atmospheric Modeling System (RAMS) of Colorado State University.
These models are driven by boundary conditions derived from observations and
from the output of global atmospheric models. In this way, the atmospheric model
acts as a physically based dynamic interpolator (i.e., physically based downscaling).
RAMS has been coupled to a land surface scheme (LEAF-2), to a hydrologic model
(TOPMODEL), and to a regional ecosystem model (CENTURY). Thus, dynamical
schemes encode multiple, nonlinear and complex local and regional interactions and
feedbacks, explicitly!9,IIS However, trying to resolve processes at ever decreasing
scales using physically based models rapidly leads to computational inefficiencies
and is limited by poor understanding of physical process behavior at small scales.
Other atmospheric models such as the NCAR models33 and the Penn State/NCAR
mesoscale model, Version 5,19 have been used for dynamic downscaling.

In statistical downscaling, subgrid temporal and spatial scale details of climatic
variability, in particular precipitation, are obtained so that the statistical character-
istics of the spatial and temporal variability of hydroclimatic fields is preserved as a
function of scale. Statistical techniques are commonly based on linear or nonlinear
regression, methods from nonlinear dynamics, artificial neural networks, Markov
processes, multiplicative random cascade models, etc. One of the limitations of
regression approaches is that they are applicable only if a strong relationship
between a large-scale parameter and regional and local climate has been identified
(often this will not be the case), and they are valid only within the spatial and
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temporal range of the observations. Although statistical downscaling is computa-
tionally efficient, it cannot include the subgrid scale physical feedbacks referred to
above explicitly, and it is difficult to couple atmospheric processes with regional
ecological and hydrological processes. On the other hand, statistical downscaling
based on multiplicative random cascade models can reproduce the scaling features
(i.e., scale invariance), the clustering, and intermittency that are characteristic of
precipitation fields in space and time with relatively modest computational burden.

Until recently, most of the downscaling methods proposed in the literature only
dealt with the spatial variability of the precipitation field while the temporal evolu-
tion of the fields is usually described independently of the spatial downscaling. The
only temporal correlation structure accounted for is that resulting from the dynamics
of the atmospheric model producing the precipitation field at the larger spatial scale
or that encoded in the temporal evolution of the observations. Thus, in general, these
schemes do not fully and properly account for the temporal correlation structure (i.e.,
persistence) of the precipitation fields at subgrid scales.

Dynamical Downscaling
Dynamical downscaling can be considered with respect to four basic types of
models: one type is strongly dependent on larger-scale numerical weather prediction
lateral boundary conditions, bottom boundary conditions, and on initial conditions.
A second type has forgotten the initial conditions but is dependent on the observed
lateral and bottom boundary conditions. A third type is where a large-scale model is
run that is only forced with surface boundary conditions, and the output used to
downscale with a regional model. A fourth type is when a true global climate model
(with coupled ocean, atmosphere, continental sea ice, landscape processes, etc.) is
used to provide lateral boundary conditions to a regional model. This is the Inter-
governmental Panel on Climate Change (IPCC) type of downscaling except only a
limited set of Earth system forcings (e.g., the radiative effect of CO2, solar insola-
tion) is included in the IPCC approach. To summarize with examples (IC = initial
conditions; LBC = lateral boundary conditions, and BBC = bottom boundary
conditions; with the recognition that BBC includes bottom interfacial fluxes): type
1 ETA 4 uses observed IC, LBC, and BBC; type 2 PIRCS34,35 uses observed LBC

and BBC; type 3 ClirnRAMS forced by CCM3 integrated with observed SSTS1O2
uses observed BBC; and type 4 Earth system global model downscaled using a
regional model.45 Observational constraints on the solution become less as we
move from type 1 to 4. Thus forecast skill will diminish from type 1 to 4.

With respect to current generation models, such as atmospheric-ocean global
circulation models (AOGCMs), neither AOGCMs nor the regional ones (type 4
models) include all of the significant human effects on the climate system. The
combined effects of land-use change, the biogeochemical effect on the atmosphere,
e.g., due to increased CO2, and, e.g., the microphysical effect of pollution aerosols
have not yet been included in these models. Thus the existing model runs should
only be interpreted as sensitivity experiments, not forecasts, projections, or even
scenarios.so
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In addition, with respect to dynamic downscaling, as currently applied, there is
not a feedback upscale to the AOGCM from the regional model, even if all of the
significant large-scale (GCM scale) human-caused disturbances were included. The
AOGCM also has a spatial resolution that is inadequate to properly define the
lateral boundary conditions of the regional model. Anthes and Warne? show that
the lateral boundary conditions are the dominant forcing of regional atmospheric
models as associated with propagating features in the polar westerlies. With numer-
ical weather prediction (type I and 2 models), the observations used in the analysis
to initialize a model retain a component of realism even when degraded to the
coarser model resolution of a global model. This realism persists for a period of
up to a week or so, when used as lateral boundary conditions for a regional numer-
ical weather prediction model. This is not true with the AOGCMs where data do not
exist to influence the predictions. A regional model cannot reinsert model skill,
when it is so dependent on lateral boundary conditions, no matter how good the
regional model.

Statistical Downscaling

The output of mesoscale atmospheric models such as RAMS or the observations
data such as those from the NEXRAD (next generation radar) network are usually at
grid sizes that are larger [e.g., 0(103 to 104) m] than those associated with distrib-
uted hydrologic models (e.g., in the order of 100 m). The land surface system
responds to excitations from the atmosphere, e.g., precipitation, and feeds back
moisture into the atmosphere, e.g., through evapotranspiration and latent heat flux.
The excitations and responses are spatially heterogeneous over a broad range of
scales, including subgrid scales [e.g., < 0(104)m]. This subgrid spatial variability
has a significant impact on the magnitude and distribution of upscale and downscale
land surface fluxes whose interaction is nonlinear. Accounting for this space-time
heterogeneity is important for hydrologic modeling and for describing land surface-
atmosphere interactions.23.78.83 In addition, the statistical downscaling, besides
requiring that the AOGCMs are accurate predictions of the future, also require
that the statistical equations used for downscaling remain invariant under changed
regional atmospheric and land surface conditions. There is no way to test this
hypothesis. In fact, it is unlikely to be valid since the regional climate is not passive
to larger-scale climate conditions but is expected to change over time and feedback
to the larger scales. More details of this concern regarding down scaling have been

reported.8)

Regression Schemes. The relationships between large-scale and local-scale
climatic fields can be established by regression-based schemes. The most direct way
of downscaling is by direct interpolation. This method is easy to apply and effective
for smoothly varying fields such as sea level pressure or temperature but not
appropriate for nonsmooth intermittent fields such as precipitation. Some examples
on regression schemes are (I) a method (based on principal component analysis,
canonical correlation, and regression analysis) called climatological projection by
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model statistics to relate general circulation model (GCM) grid point free atmo-
sphere statistics to important surface observations;47 (2) use of interannual variations
in climate to derive, through conventional regression analysis, statistical relation-
ships between large-scale climate variations and local values of temperature and
precipitation; 117 (3) a multiscale, linear regression, statistical climate inversion

scheme that preserves all first- and second-order moments across scales (spatial
downscaling of precipitation and temperature are applied in the context of impact
assessment studies associated with global climate variabilio/4); and (4) methods for
conditional stochastic generation of rain fields used for disaggregation when
constrained to large-scale values that are given by some outer sources. 58. 67

Scale In variance Scheme. Self-similarity or scale invariance is a kind of
symmetry observed in nature. Simple scaling is a scaling in the probability
distributions. Letting R( ) be the rainfall intensity field, this property is expressed
as R(,u) ~t;. -0 R(A), which indicates that the probability density function of the

rescaled variable R(,u) is equal to that of the original variable R(A) except for a
factor that is a function of the length scale ratio;' and the scaling exponent {}. Simple
scaling translates into two properties: (1) a log-log linearity between statistical
moments of order n and length scale ;., i.e., E[R~] = ;.O(n) E[Rj] and (2) a linear
dependence on n of the slope {}(n) of that log-log linear relationship, i.e., {}(n) = n{}.
Simple scaling is associated with additive (linear) processes, and unique scaling
exponents {} are related to unique fractal dimensions. For example, Figures 2 and 3
are the scaling plots for the NEXRAD rainfall scan of July 4, 1997, for the central
United States that is produced at grid scales of 2 kmx2 km.46 They show that the
precipitation data for this date and region follow a simple scaling. It is often found
that property (1) holds but the slope function {}(n) is nonlinear, a structure called
multiscaling or multifractal.37 Multifractal scaling behavior (i.e., scale-invariant

Figure 2 Marginal moments of precipitation over the central United States on July 4, 1997,
from NEXRAD scan at 2kmx2km grid size (from Kang and Ramirez46).
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Figure 3 Slope of marginal moments log-log scaling function of NEXRAD scan of
precipitation over the central United States on July 4, 1997, at 2kmx2km grid size (from
Kang and Ramirez46).

behavior) of the scaling exponents has been found in the spatial distribution of
rainfaI137,75,J09 and in the temporal distribution of rainfall. 12 Also both the scale
invariance and intermittency of precipitation may be exploited to develop parsimo-
nious stochastic models of rain.63

Multiplicative random cascades have been used to generate fractal fields that
emulate the spectrum of scaling exponents of observed rainfall. Cascade generators
are chosen according to the scaling spectra they produce. Notably, models such as
the universal multifi-actals,109 the fi-model38 or the log-Poisson modellOI were
proposed. For illustration, we will discuss below random cascade models.38.46,75

Discrete random cascades distribute mass on successive regular subdivisions of a
d-dimensional cube. A schematic of this process is shown in Figure 4. The initial
cube, with length scale Lo, is subdivided at each level into b equal parts, where
b ?: 2d is the branching number. The ith subcube after n levels of subdivision is
denoted d~ (there are i = 1,..., bn subcubes at level n). The length scale of the
subcube d~ is denoted Ln' and the dimensionless spatial scale is defined as
An = Ln/LO = b-n/d. The distribution of mass through different levels on the
cubes occurs as follows. First the initial cube (at level n = 0) is assigned a nonran-
dom density Ro, i.e., an initial mass RoLg. The subcubes d~, i = I, ..., b after the
first subdivision (at level n = I) are assigned the density Ro WI (i), i.e., mass
RoL({W1(i), where Ware independent and identically distributed (iid) random vari-
ables-the cascade generator. This multiplicative process continues through all n
levels of the cascade, so that the mass in subcube d~ is

.n n

f-ln(d:J = RoL~ f1 fJj(i) = RoLgbn f1 fJj(i)

J=) j=l
for i = 1, 2, bn

where E[W] =cascade.; thus mass is on the average conserved at all levels in the random
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Figure 4 Schematic diagram for a two-dimensional discrete random cascade models: (0)
Discrete random cascade model (from Kang and Ramirez46).
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Figure 4 Schematic diagram for a two-dimensional discrete random cascade models: (b)
nonparametric random cascade model (from Kang and Ramirez46).

The cascade limit mass 11.00 is obtained as n -+ 00, and it is considered degenerate
if the total mass is zero with probability 1. Nondegeneracy depends on the distribu-
tion of W, and it requires that the condition E[W] = 1 be satisfied. The limit mass in
a subcube 11.00(.:1.~) satisfies a recursion relation: 7S 11.00(.:1.~) = 11."(.:1.~)Zoo(i), for

i = 1, ...,b" where Zoo are iid random variables, distributed as Zoo = 11.00(.:1.0)/
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Jlo(~o) = Jloo(~o)/RoLg for all i, n. The cascade limit mass Jloo(~~) is given by the
product of a large-scale low-frequency component Jln(~~)' and a subgrid subgrid
(i.e., subcube) scale high-frequency component Zoo (i). The latter term represents
subgrid-scale variability at each level of cascade development.

Random cascades exhibit moment scaling behavior from which properties of the
cascade generator W can be estimated. Sample spatial moments are defined as
Mn(q) = L~I Jl~(~~), where q = moment order (for q = 0, only nonzero limit
masses are included in the sum). For large n, the sample moments should converge
to the ensemble moments, but since they diverge to infinity or converge to zero as
n -+ 00, the rate of convergence/divergence of the moments with scale is consid-
ered instead. In a random cascade, the ensemble moments are shown to be a log-log
linear function of the scale An. The slope of this scaling relationship is known as the

Mandelbrot-Kahane-Peyriere (MKP) function: Xb(q) = 1 -q + logbE[wq]. The
MKP function contains important information about the distribution of the cascade
generator Wand thus characterizes the scaling properties of rainfall. Similarly,
the slope of the sample moment scaling relationship can be defined as T(q) =

limA -..o[log Mn(q)/ -log An]. For large n (as An -+ 0) and for a specific range of
q, sl"opes of the moment scaling relationships for sample and ensemble moments
converge, i.e., T(q) = dXb(q). In data analysis, the scaling of the sample moments is
used to estimate the T( q) function and the distribution of the cascade generator, from
which parameters of the cascade model can be inferred.

For intermittent temporal and spatial rainfall data, it is desirable that P(W = 0) be
positive. For this purpose an intermittency model for the cascade generator W is
written as W = BY, where B is an intermittency generator of the so-called p-model
and Y is a strictly positive random variable. The p model divides the domain into
rainy and nonrainy fractions based on the following probabilities:
P(B = 0) = 1 -b-P and P(B = bP) = b-P, where p is a parameter and E[B] = 1.
The p model does not allow for variability in the positive part of the large-scale
component of the limit mass Jln(~~) (at every level n it assumes the nonrandom value
RoLndbpn). Variability in the positive part of the limit mass is obtained from
the second element in the composite generator Y. The distribution of Y is arbitrary,
but it has to be positive and E[Y] = 1. For rainfall modeling, good results have
been obtained with Y log-normaC5 Consider Y = b1'+ux, where X is a normal
N(O, 1) random variable. The condition E[Y] = 1 gives Y = b-ullnb/2+ux, where
(12 = variance of Y. Then W is distributed as P(W = 0) = 1 -b-P andP(W 

= bPy = bP-u2Inb/2+uX) = b-P with parameters p and (12.

The MKP function of W is Xb(q) = (P -l)(q -1) + (!)(121nb(q2 -q). MKP
functions must be convex and Xb( 1) = 0:5 Also for the cascade to be nondegenerate
it is required that Xb') < O. For large (1, this requirement may not be met, leading to
degenerate cascades. The range of moments q in nondegenerate cascades is given by
[0, qc/2) when qc ~ 2, and at least in the closed interval [0,1] when qc > 2. The
latter condition implies that p < 1 -(12 In b in nondegenerate cascades.75 Figure 5
shows the relationship between the parameters of the random cascade model and the
large-scale forcing, here described in terms of the large-scale average rainfall inten-
sity, for the NEXRAD data.46
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Figure 5 (a) Sigma vs. average rainfall intensity and (b) Beta + Gamma vs. average rainfall
intensity (from Kang and Ramirez46). See ftp site for color image.

Because of the nondegeneracy condition on p, the p model is limited in the range
of fractional rainy area values that it can describe. To deal with this limitation and to
improve the preservation of the clustering structure, a simple pragmatic modification
of the p model has been proposed, and the resulting scheme is referred to as a
non parametric hierarchical scheme. This procedure performs spatial downscaling

by hierarchically applying a sequence of random cascade models to a set of preci-
pitation fields defined in terms of intensity classes of the observations. Figure 6
shows a comparison of observed and simulated precipitation fields, using the P-Iog-
normal random cascade model and the nonparametric hierarchical scheme. Figures 7
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Figure 6 (see color insert) Comparison of observed and downscaled rainfall fields (July 6,
1997) (from Kang and Ramirez46). See ftp site for color image.

to 9 show a comparison of the ability of the respective models to reproduce impor-
tant characteristics of the precipitation field. Table 2 presents a comparison of some
summary statistics.

Further Remarks

The parameters of the scaling characteristics of the precipitation field must be related
to some physically meaningful and measurable variable characterizing the large-
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Day
Figure 7 Time series of average rainfall intensity (NEXRAD, July 1997) (from Kang and
Ramirez46). See ftp site for color image.

Figure 8 Rainy fraction as a function of rainfall threshold (NEXRAD, July 6, 1997) (from
Kand and Ramirez46). See ftp site for color image.
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Figure 9 Comparison of correlation function for monthly rainfall (from Kang and
Ramirez46). See ftp site for color image.

scale environment. Being able to parameterize the scaling characteristics of preci-
pitation as a function of such variables is a prerequisite for implementing of down-
scaling methodologies based on random cascades. Perica and Foufoula-Georgiou 77

introduced a spatial downscaling scheme that is able to statistically reproduce the
spatial heterogeneity of observed precipitation fields at subgrid scales while being
conditioned on large-scale averages and physical properties. They computed multi-
scale standardized fluctuations using an orthogonal Haar wavelet decomposition and
found that, at least for the range of scales of their analysis, these fluctuations
exhibited normality and simple scaling. They also found that the scale-independent
parameter H characterizing the simple scaling behavior of the standardized fluctua-
tions was strongly dependent on the convective instability of the pre storm environ-
ment, namely on the convective available potential energy. The utility of the model
in reproducing the small-scale statistical variability of precipitation as well as the
fraction of area covered by rain at all subgrid scales was demonstrated, 77 and the

relationship between H and the convective available potential energy of the prestorm

TABLE 2 Comparison of Basic Statistics for Observed (July 1997) and Simulated
Precipitation Fields

0.296
0.0257
1.174
8.624

0.295
0.0221
1.185
6.207

Mean
Standard deviation
Skewness coefficient
Kurtosis

From Kang and Rarnirez.46

10.90.8

0.7
0.6
0.5
0.4
0.3
0.2
0.1

0
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environment established.77 On the other hand, the relationship between the {3-log-
normal random cascade model parameters and the mean of the large-scale precipita-
tion intensity was also observed and established.46.75

Most downscaling methodologies proposed in the literature only deal with the
spatial variability of the precipitation field. The temporal evolution of the fields is
usually described independently of the spatial downscaling, so that these schemes do
not properly account for the temporal correlation structure, i.e., persistence, of the
precipitation fields at subgrid scales. Recently, the linkage between the spatial and
temporal scaling of precipitation fields has been explicitly addressed.12.75.113.114
Over and Gupta 75 propose a model for space-time description of rainfall distribu-

tions based on multiplicative random cascades with independent weights in space,
which are time varying according to an imposed structure. Carsteanu and Foufoula-
Georgioul2 argue that space and time variations of rainfall are necessarily connected.
They postulate and experimentally verify a Taylor-like hypothesis stating that the
power law variation for the moments is the same in time and space. Venugopal
et al.114 found that for spatial scales of 2 to 30 km and for temporal scales of
10 min to several hours, the evolution of precipitation remained statistically invariant
under a transformation of the type t '"'" Lz, where z is a so-called dynamic scaling

exponent. That is, they found that the space-time organization of rainfall fields is
scale-invariant and that its characteristics can be obtained by a simple renormaliza-
tion of the space and time coordinates as implied by the t '"'" L= transformation. They
used the above results to develop a space-time precipitation downscaling scheme
that is capable of preserving not only the spatial correlation of precipitation but also
the temporal correlation at subgrid scales.

Finally, Seed et al.99 have modeled the space-time behavior of radar precipitation
using a multiplicative bounded (multifractal) cascade, each level of which was linked
to the same level at the next time step via a different ARMA( I, I) model. Also
Pegram and Clothier,76 developed the so-called string-~f-beads model in which
power-law filtering of Gaussian random fields in space and time is used to capture
the correlation structure of the rainfall process. Two autoregressive models, one at
the image scale, the other at the pixel scale, drive the string-of-beads model. The
spatial power-law filtering then ensures that the generated fields scale correctly in
space and time.
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