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Abstract. We have conducted large-eddy simulations (LES) of the atmospheric boundary layer with
surface heat Rux variations on a spatial scale comparable to the boundary layer depth.
We first ran a simulation with a horizontally homogeneous heat flux. In general the results are
similar to those of previous large-eddy simulations. The model simulates a field of convective eddies
having approximately the correct velocity and spatial scales, and with the crucial property that kinetic
energy is transported vigorously upwards through the middle levels. However. the resolved temperature
variance is only about half what is observed in the laboratory or the atmosphere. This deficiency which is shared by many other large-eddy simulations - has dynamic implications. particularly in the
pressure/temperature
interaction terms of the heat flux budget. Recent simulations by other workers
at much higher resolution than ours appear to be more realistic in this respect.
The surface heat flux perturbations were one-dimensional and sinusoidal with a wavelength equal
to 1.3 times the boundary-layer depth. The mean wind was zero. Results were averaged over several
simulations and over time. There is a mean circulation. with ascent over the heat flux maxima (vertical
velocity -0.1~~) and descent over the heat flux minima. Turbulence is consistently stronger over the
heat flux maxima. The horizontal velocity variance components (calculated with respect to the horizontal average) become unequal, implying that convective eddies are elongated parallel to the surface
heat flux perturbations.
A consideration of the budgets for temperature and velocity suggests several simplifying concepts,
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a variable resolved on the model grid
a general average of a
deviation from (a),
deviation of a from horizontal average, a’ = (a),,
constant in the expression for the grid length scale I,
subgrid kinetic energy
ith component of the circulation kinetic energy
acceleration due to gravity
convective boundary-layer
depth
length scale based on grid spacing
length scale based on stability
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time after model initialization
spatial coordinates, x, =x, x2 - y, x3 = z
phase of the surface heat-flux perturbation
position relative to the nearest surface heat-flux maximum, module A,,
model grid interval
velocity components, I*, = U, L+ - V, u3 = w
imposed horizontal velocity
subsidence velocity, (w),~at t = h
convective boundary-layer velocity scale
Kronecker delta function
wavelength of the surface heat-flux perturbation
subgrid heat (potential temperature) flux
surface heat flux &(z = 0)
amplitude of surface heat-flux variation
Exner pressure variable (also occasionally the constant 3.14, .)
pressure induced by buoyancy
pressure induced by turbulence/turbulence interaction
initial density profile
potential temperature
initial potential temperature profile
convective boundary-layer potential temperature scale
subgrid stress
horizontal average
phase average
time average

1. Introduction
Until recently, large-eddy simulations (LES) and laboratory models of the atmospheric convective boundary layer (CBL) have assumed a homogeneous surface,
and in most observational studies of the CBL, an effort has been made to select
a site where this condition is satisfied. On land, however, the surface sensible heat
flux can vary greatly owing to variations in land use (Ching, 1985; Segal et al.,
1988). We shall address the question of how the CBL is affected by modest
variations in surface sensible heat flux on a scale comparable to the boundarylayer depth. The question has two different aspects:
1. Is there a consistent tendency for variations in the boundary layer to be associated with the pattern of surface variation? We expect, for example, that over
a region of enhanced surface heat flux, the air temperature will be higher near
the surface than elsewhere, but does this temperature perturbation extend to
higher levels and can it drive vertical motion? We also expect that, near the
surface, turbulence will be strongest immediately over a heat-flux maximum
and we would like to know if this effect can be seen throughout the depth of
the boundary layer.
2. Do surface variations change profiles of turbulence statistics that are calculated
without reference to the surface pattern (e.g.? with respect to a horizontal
average)? For example, it seems reasonable that near-surface variations in air
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temperature will contribute directly to a higher temperature variance. We can
also speculate that surface forcing on the preferred scale of the convective
eddies might in some sense increase the efficiency with which the eddies transport heat and kinetic energy vertically.

With regard to the first question above, Briggs (1988) has recently presented
evidence of a number of effects due to urban-scale surface inhomogeneities,
including modulation of turbulence throughout the depth of the boundary layer
and persistent circulations induced by strong heat-flux anomalies. The experience
of glider pilots (Wallington, 1961) is that surface features (fields, forests, hills,
small towns) with horizontal dimensions of a kilometre or less can be preferred
sources for CBL updraughts. Lakes of a few kilometres diameter frequently suppress fair-weather cumulus (Rabin et al., 1990; Gibson and Vonder Haar, 1990)
although it is not clear to what extent this is the result of a mean circulation or a
reduction in turbulence. Mesoscale simulations by Abe and Yoshida (1982) imply
that a peninsula 8 km wide is not large enough to organise a significant circulation,
even with zero geostrophic wind. Therefore, there remain unresolved questions
about the minimum horizontal scale and magnitude needed for heat-flux anomalies
to organise the boundary layer, and about the effect of wind.
With regard to the second question, several studies of the CBL over moderately
inhomogeneous surfaces have failed to find any significant effects of the inhomogeneity in horizontal spectra or in profiles of variances, covariances, and third
moments (Young, 1988; Kaimal et al., 1982; Jochum, 1988; Hechtel et al., 1990).
Our primary tool is an LES version of the Colorado State University (CSU)
Regional Atmospheric Modelling System (RAMS). The surface perturbations are
of plausible magnitude but idealised geometry. The emphasis is on building basic
understanding, which can then aid in planning and interpreting observations. We
justify using an LES model in such a way on the grounds that this type of model
does seem to describe much of the basic structure of a CBL with little a priori
input of assumptions about the turbulence.
In the present paper we first present statistics from a simulation of a CBL over
a horizontally homogeneous surface, in order to establish the credibility of the
model in the current application. We then analyse a set of simulations with a
one-dimensional, sinusoidal perturbation in the surface heat flux: the wavelength
(1500m, about 1.3 times the CBL depth) has been chosen to be comparable to
the natural spacing of updrafts and the amplitude is exactly one half the horizontal
average. In all these simulations, the mean wind speed is zero. In a companion
paper (Hadfield et al., 1991), we describe simulations with a light mean wind (1
to 2 m s-i) and with a larger wavelength (4500 m). For the most part, this work
has been reported in a dissertation (Hadfield, 1988, hereafter H88).
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2. The Simulations
The simulations were constructed so as to produce a quasi-stationary daytime CBL
with minimum computational expense.
The model is the time-split, compressible version of RAMS described in the
literature by Tripoli and Cotton (1982). The LES implementation uses a ‘1.5th
order’ subgrid scheme adapted from Deardorff (1980). The eddy diffusivity is
determined from the subgrid kinetic energy e and the subgrid length scale I. The
former is calculated from a prognostic equation. The latter is set equal to the
minimum of a stability-dependent length 1, and a grid-dependent length lg. The
expressions for Z, and fg are the same as Deardorff’s except that a coefficient C,
is introduced into the equation for &, i.e.,
Zg= C,(Ax Ay Az)~‘~.

(1)

Deardorff effectively assumed C, = 1 but we have investigated the model’s sensitivity to C, (H88) and adopted C, = 1.5.
Following Drogemeier (1985), we achieved a fivefold increase in computational
speed of the time-split model by reducing the speed of sound below its atmospheric
value to about 60 m s-l. We are satisfied that the choice of a model that allows
acoustic waves, and the reduction in the speed of sound, have negligible effect on
the results relative to an anelastic model. In two-dimensional sensitivity experiments, the reduction in the speed of sound has very little effect (less than 1%) on
the profiles of velocity variances and other quantities. Furthermore, we have
reproduced the anelastic pressure field during analysis by solving an elliptic equation, just as is done at every time step in an anelastic model. (This was done
mainly so that contributions to the pressure field from individual tendency terms
in the equations of motion could be analysed.) Budget terms calculated from the
anelastic pressure field, such as the rate of kinetic energy transfer from the vertical
to the horizontal velocity components, are consistent to high accuracy with the
remaining terms in the budget (H88, Sections 2.2.1 and A.4).
For simplicity, the equations in the remainder of this paper have been written
in incompressible form, as if density were constant, but the analysis has actually
been carried out under the anelastic assumption. H88 gives all the equations in
anelastic form.
The resolution is modest by current LES standards - 36 X 36 X 39 grid points
covering a 4500 x 4500 x 2340 m domain at a resolution of 125 x 125 X 60 m which has allowed the model to run in only 60% of real time on a single Cray X-MP
processor. This makes it practicable to run the model several times to accumulate
statistics, and this capability has turned out to be crucial for the current work.
The simulations described in this paper share several common features. The
Coriolis force is neglected, as is moisture. In the x and y directions the boundaries
are cyclic. The momentum flux at the lower boundary is diagnosed with the
Businger et nl. (1971) profile formulas, whereas the heat flux CD(strictly the
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potential temperature flux) is prescribed. In all cases, the horizontal average of CD
is constant throughout the simulation (at 0.2 K m s-l, equivalent to a sensible heat
flux of 250 W me2 at sea level) but in several of the simulations, a sinusoidal
variation is superimposed in the x direction. The upper boundary is a rigid wall,
with an absorbing layer occupying the twelve grid levels immediately below. The
initial stratification is weakly stable (80,Jaz = 0.8 K km-‘) up to z = 1200 m and
strongly stable (a&Jaz = 7.4 K km-‘) above, where the zero subscript indicates
the initial profile.
At t = 0, the heat flux is turned on, initially without the sinusoidal variation,
and convective eddies near the surface are initiated by small random perturbations
in 8 at the lowest grid levels. The convective eddies grow rapidly through the
weakly stable layer, then more slowly when the strongly stable layer is reached.
Subsidence imposed at the top of the domain keeps the CBL depth approximately
constant at around 1200 m for several hours. (The justification for imposing the
subsidence is twofold: it makes it possible to calculate long-period time averages
without the complication of ‘smearing’ in the vertical fine structure near the
capping inversion and it eliminates any explanations of model phenomena that
are based on evolution of CBL depth.) The sinusoidal variation in heat flux, where
applicable, is applied abruptly at t = 200 min, and time-averaged statistics have
been calculated for the period between t = 300 min and t = 400 min.
All the simulations were run until t = 400 min. All told, the total simulated time
was 3900 min, or 63 h, which took approximately 38 h of Cray X-MP CPU time.
3. The Horizontally

Homogeneous Boundary Layer

The control simulation, with a horizontally homogeneous surface heat flux
throughout, is labeled ‘Run A’. Below, we examine a number of statistics averaged
between r = 300 min and t = 400 min. The mixed-layer scaling parameters (Deardorff, 1970; H88) based on the time-averaged statistics are as follows: the boundary-layer depth h is 1170m; the velocity scale w.+is 2.0 m s-‘; the time scale h/w,
is therefore 585 s; and the potential temperature scale is 0.10 K. The dimensionless
vertical velocity w, at the top of the boundary layer due to subsidence is -O.O14w,
and the dimensionless entrainment velocity @zl& - w, is O.OlOw,. The Reynolds
number (Moeng and Wyngaard, 19SS), i.e., the inverse of the dimensionless
subgrid diffusivity, is 240, which is typical of a medium-resolution large-eddy
simulation.
3.1. VARIANCE

AND

THIRD-MOMENT

PROFILES

Figure 1 presents profiles of the resolved part of several variances, namely, the
horizontal velocity variances, (u”),, and (v”),!, the vertical velocity variance,
(M?“),,, and the potential temperature variance, (0”),,. (The notation will be described in Section 4.1 below. The ( ),I symbol indicates a horizontal average and
the prime indicates the deviation from the horizontal average, a’ = a - (a),,. As
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Fig. 1. Resolved variance profiles from the present model (LES), as follows: (a) horizontal velocity variances, (b) vertical velocity variance, and (c) potential
temperature variance. Also atmospheric profiles (ATM) synthesised by us from results of the Minnesota, Aschurch, AMTEX,
and Phoenix experiments
(Kaimal et al., 1976; Caughey and Palmer, 1979; Lenschow et al., 1980; Young, 1986, 1988) and results from a laboratory simulation (LAB) of Deardorff and
Willis (1985).
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mentioned above, the statistics are also averaged in time. The figure also includes
profiles from the laboratory simulations of Deardorff and Willis (1985) and from
a synthesis of atmospheric observations from the Ashchurch, Minnesota, AMTEX,
and Phoenix experiments (Caughey, 1982; Lenschow et al., 1980; Young, 1986,
1988).

The horizontal velocity variance from the model (Figure la) has a broad minimum in the middle of the boundary layer at a value of approximately 0.15&, a
pronounced maximum near the surface, and a smaller maximum near the top of
the boundary layer. The subgrid contribution, which has been omitted, can be
estimated from the subgrid kinetic energy: it is about O.O5w$and does not vary
much with height within the boundary layer. The atmospheric and laboratory
profiles are similar in shape to the model profile, but with a less pronounced
maximum near the surface and a larger value, about 0.3w$, in the middle of the
boundary layer.
Other LES models of the CBL (Deardorff, 1974; Mason, 1989; Moeng, 1984;
Schmidt and Schumann, 1988) have similar horizontal velocity variance profiles to
ours. Schmidt and Schumann have discussed their model’s apparent underprediction of the horizontal velocity variance in mid-CBL and suggested factors that
would increase the variance in the atmosphere and the convection tank: they
include mean wind shear (atmosphere only) and surface temperature inhomogeneities. We believe that this question remains unresolved and could best be
addressed by a laboratory simulation in which the surface temperature variations
(spatial and temporal) are measured very accurately, coupled with LESS that apply
as exactly as possible to the laboratory simulation.
Note finally in connection with Figure la that in our model the u variance
exceeds the v variance slightly in the upper boundary layer. The difference is not
a consistent feature of the model, since at other times and in other simulations,
it is absent or reversed in sign.
Figure lb shows the vertical velocity variance. There is a peak of magnitude
0.4~; in the middle of the boundary layer (z = 0.4/t) and the variance drops to
about 0.1~: at z = h. The atmospheric and laboratory data are similar in magnitude, although the peak is not as sharp as in the model.
Also apparent in Figure lb is a secondary peak in the model profile at z = 1.2h.
Carruthers and Moeng (1987) have drawn attention to a similar, though smaller,
peak in Moeng’s LES model. We have concluded (H88) that there is an unrealistic
‘secondary mixed layer’ at this level in the model, associated with inadequate
resolution and/or insufficient diffusive damping at the inversion.
Figure lc shows the potential temperature variance. Near the inversion, all the
profiles show a pronounced peak which is, however, quite variable in magnitude,
because the mixed-layer scaling used to collapse the data does not account for
differences in the entrainment process. As with the horizontal velocity variance,
there appears to be a problem with underprediction in the lower and middle
boundary layer: our model resolved -50% of the variance that is observed in the
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Comparison of (potential) temperature variance data
at 2 = 0.25h from large-eddy simulations, laboratory
simulations, and the atmosphere. The LES data do not
include a subgrid contribution
Data source

Dimensionless
temperature
variance

Current model

1.7

Other large-eddy simulations:
Deardorff (1974)
Moeng 40’ (1988, pers. comm.)
Moeng 96’ (1988, pers. comm.)
Mason (1989)
Schmidt and Schumann (1988)

1.4
2.2
2.6
2.6

1.8

Atmosphere:
Caughey (1982)
Young (1986)
Lenschow et al. (1980)
Druilhet et al. (1983)
Guillemet et al. (1978)

3.0
2.9
4.5

4.8
3.2

Laboratory:
Deardorff

and Willis (1985)

3.6

laboratory or the atmosphere. The difference cannot be accounted for by the
subgrid temperature variance (not calculated by the model) since at typical LES
resolutions, this should be only 10 or 20% of the resolved variance (Moeng and
Wyngaard, 1988; Schmidt and Schumann, 1988).
To compare the various sources of temperature variance data as clearly as
possible, Table I lists the resolved variance at z = 0.25h for a number of LES
models as well as data from atmospheric measurements and laboratory simulations.
Where necessary, the published data have been averaged by eye. The height of
0.2512is chosen because it is sufficiently high that the LES models should resolve
most of the variance, but not so high that entrainment effects should be significant.
The LES models have a variance of about 2&, the largest being 2.60; from
Moeng’s 963 model and Mason’s 64 x 64 x 98 model, both of which have substantially higher resolution that ours. The atmospheric and laboratory data are scattered between 3& and 50:.
Our conclusion is that, allowing for a plausible subgrid contribution (say 0.5&
to l.O&), the high-resolution large-eddy simulations of Moeng and Mason agree
with the lower end of the data from the laboratory or the atmosphere, but that
the other simulations, including ours, underestimate it to a greater or lesser extent.
Figure 2 is of the same general format as Figure 1, but it shows several third
moments of vertical velocity and temperature. They are of interest because they
describe the asymmetry of the convective eddies - in general the plumes of rising,
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Fig. 2. Profiles of third moments of w and 8 from the present model (LES), as follows: (a) (w”),,, (b) ( w”B’),,, and (c) (w’B’~)~,. Also atmospheric profiles
(ATM) from the Minnesota. AMTEX,
and Phoenix experiments and laboratory profiles from Deardorff and Willis’s laboratory simulation (LAB).
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warm air in the lower and middle boundary layer occupy less area than the sinking,
cool air between - and this asymmetry is important for diffusion and for the
dynamics of the turbulence (Lamb, 1982; Lenschow, 1974). The model’s thirdmoment profiles are generally of the correct sign (positive) throughout most of
the boundary layer and of roughly the same magnitude as the atmospheric and
laboratory data. Note that whereas the atmospheric data are represented by a
single profile, in fact there is a great deal of scatter between the results of different
experiments and between individual aircraft traverses within the same experiment.
It is apparent then from Figures 1 and 2 that our LES model agrees reasonably
well with the available laboratory and atmospheric data, but that - in common
with other LES models at similar resolution - it consistently underestimates the
horizontal velocity variance and the temperature variance throughout much of the
boundary layer. Underprediction of the temperature variance should have dynamic
implications because the temperature variance describes the magnitude of the
temperature fluctuations that drive convection: formally, it appears as a source
term in the budget for vertical heat flux.
3.2. THE HEATFLUX

BUDGET

The budget for the resolved heat flux can be written

where (1) is a buoyancy term, (2) is a pressure term, (3) is a gradient production
term, (4) is a turbulent transport term, and (5) stands for a subgrid term. The
corresponding budget for a continuous fluid (Wyngaard, 1982) has counterparts
for each of the above terms, except that the molecular diffusion counterpart to
the subgrid term (5) must be zero by the requirement that turbulence be isotropic
at small scales.
Figure 3a shows our model’s heat flux budget in the lower and middle boundary
layer. There are no atmospheric data of sufficiently high quality for comparison:
the pressure term cannot be measured in the atmosphere with current technology
and there is too much scatter in the profiles of (M,“O’~),~to establish the turbulent
transport term accurately. Instead we have chosen to compare our budget with a
heat flux budget from Moeng’s 963 model (Moeng and Wyngaard, 1989) in Figure
3b. There is a reason to believe that the latter model in its latest form is more
realistic than ours: it has substantially higher resolution, it resolves a higher
temperature variance, and its spectra exhibit several of the characteristics of an
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Fig. 3. Profiles of buoyancy (B), gradient production (G), turbulent transport (T), pressure (P), and subgrid (S) terms in the budget of resolved heat flux
(W’8’)h from (a) the current model and (b) Moeng’s 96’ model. Also (c) profiles of the turbulence/turbulence
pressure term in the current model and Moeng’s
96’ model.
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inertial subrange at high wavenumbers (Moeng and Wyngaard, 1988). Comparing
our budget with Moeng’s, the buoyancy, gradient production, and turbulent transport terms are qualitatively similar above z = O.lh; however, as noted above, the
temperature variance, and hence the buoyancy term, are larger in the latter study.
The subgrid term in Moeng’s model is small away from the surface, whereas ours
is larger, as one would expect given the lower resolution; in fact, it is the largest
sink term through much of the boundary layer. The consequence of these differences is that the excess of production to be balanced by the remaining term - the
pressure term - is about five times as large in Moeng’s model as in ours. This
suggests a significant difference in the relationship between the temperature and
pressure fields in the two models.
The pressure field can be decomposed into components, each resulting from a
separate acceleration term in the momentum equation (see Section 5.2). For the
present case, in the absence of strong mean shear, only two are significant: one
induced by buoyancy that we shall call buoyancy pressure (TV) and another induced
by the turbulent velocity field that we shall call turbulence/turbulence pressure
(TV). They are governed by Poisson equations:

eoVzn,,
=f.z and$V2r,
=2 f$.
0

I

(3)

1

Moeng and Wyngaard (1986) have proposed that the buoyancy pressure contributes to the heat flux budget so as to cancel a fraction A of the buoyancy production,
i.e.,

-e,

(

et:,,

>

= -A J-(e~‘),l.

One expects the value of A to depend on the geometry of the buoyancy fluctuations: when the horizontal scale of the buoyancy fluctuations is much larger than
the vertical scale, A approaches its hydrostatic limiting value of 1, whereas when
the fluctuations are isotropic, A = l/3. Moeng and Wyngaard found from their 403
model that A = 0.5. We have evaluated Equation (4) and expressions analogous to
it for all the second- and third-moment budgets of w and 8 in our model (H88)
and found that A has a very consistent pattern of variation, with a maximum of
about 0.8 near the surface, dropping off rapidly to a minimum of 0.33 near z =
0.4h, and increasing to 0.6 at z = h and beyond. Whatever the details, it appears
that the buoyancy pressure term in the heat flux budget cancels about half of the
buoyancy production, which is consistent with the idea that the buoyancy fluctuations in the boundary layer have horizontal dimensions comparable to, or a little
larger than, their vertical dimensions.
We now turn our attention to the turbulence/turbulence pressure. Figure 3c
shows its contribution to the heat-flux budget in our mode1 and in Moeng’s 963
model. (For the latter, in the absence of published data, we have estimated the

C,R(‘LILAT,ONS

IN THE

CONVECTIVE

BOUNDARY

LAYER

91

profile under the assumption that the only other significant contribution to the
pressure term is a buoyancy contribution equal to -A times the buoyancy production, where A = 0.5. The following conclusions are not sensitive to the exact value
of A.) Whereas in Moeng’s model the turbulence/turbulence term is negative
everywhere, in ours it is positive below z = 0.3h and generally much smaller in
magnitude.
Moeng and Wyngaard (1986) have applied a return-to-isotropy expression to
the turbulence/turbulence pressure in their 403 model,

and calculated a profile for the time scale T: in the lower boundary layer, it is of
the order of h/w, and it has a maximum of about 2hlw, near t = 0.2h. The values
of 7 that we calculate from Moeng’s 96” model are substantially smaller than this:
at z = 0.2h, -&,(tYdrr;/dz),, = -1.7w$O,lh so assuming (w’(Y), = O.Bw,B, gives
T = 0.5hlw,. In our model, T is negative.
We have considered the atmospheric heat-flux budget previously (H88) but
without the benefit of results from Moeng’s 963 model, and concluded that the
7~,term must be a substantial sink in the lower boundary layer, with T uncertain
but maybe as small as 0.2hlw,. We now conclude that the return-to-isotropy
process described by Equation (5) is occurring at a reasonable rate in Moeng’s
963 model, but is much weaker in Moeng’s 403 model and largely lacking in our
model.

3.3. DISCUSSION
It is clear that at the resolution described here the model does not correctly
predict some aspects of the turbulence dynamics. But similar models, specifically
Deardorff’s (1974), have yielded valuable information about the structure of the
horizontally homogeneous CBL. We have concentrated above on some of the
limitations of the model. Further results from the horizontally homogeneous simulations presented in H88 give a more complete picture. The strength of our LES
model, in common with others, is that it simulates a field of updraughts and
downdraughts with the right dimensions, the right characteristic velocity and the
crucial property that turbulence kinetic energy - specifically vertical velocity variance - is transported upwards.

4. A Thermally

Forced Circulation

To investigate the response of the modelled boundary layer to a simple, spatially
varying, surface heat flux we ran a set of simulations in which there was a onedimensional, sinusoidal perturbation of the form

Here AP is the wavelength of the perturbation and x, is an offset relative to an
arbitrary x-axis.
The simulations were labelled Run Fl to Run F4. Runs Fl and F2 are identical
to the horizontally homogeneous simulation analysed in Section 3 (Run A) except
that after t = 200 min, the surface sensible heat flux @ was perturbed according to
Equation (6). The wavelength A{,was 1.500m, which is one-third the domain width
and about 1.3 times the boundary-layer depth. The offset xP was zero in Run Fl
and A,/2 in Run F2, so the heat-flux perturbation is in antiphase between the two
runs. Runs F3 and F4 are similar to Fl and F2 respectively but based on a second,
independent, horizontally homogeneous simulation called Run B.
4.1. AVERAGING
Before we analyse the results it is convenient to define several averaging operators.
We indicate an average by angle brackets and a deviation from that average by
parentheses; thus the result of applying a general averaging operator ( >,.to a
general variable a is written
a = (4, + (a>,.

(7)

Repeated averaging is indicated by repeated subscripts:
b>r,s = ((a>,>,.

(8)

In a horizontally homogeneous simulation, all points at the same height are
equivalent, so it is logical to analyse the model fields in terms of the horizontal
average ( )h, as in Section 3. For brevity we have indicated the deviation by a
prime, (u)~ = a’, so the decomposition is written
a = (a),, + a’.

(9)

With the introduction of a regular perturbation of wavelength AP,we can introduce a new horizontal coordinate 2, written formally as

In other words, f is the position relative to the nearest heat flux maximum, with
values in the interval [-h,/2, +&/2]. The average over all horizontal positions
with the same ,? will be called the phase average and will be written ( ),,. Now a’
can be further decomposed so that
a = (ah + wp + (a’),.

(11)

We call (u’), the (instantaneous) circulation. We shall find, however, that a quan-
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tity of the form (a’), is not at all steady, so it is necessary also to apply a time
average ( )t. We therefore write
a = (4/l + (a’),., + (a’),,,.

(12)

The quantity (a’),,, is called the (time-average) circulation. The quantity (u’)~,, is
called turbulence, but not in the same sense as that word was used in the previous
section.
In Section 5 we shall look at budget equations for time-averaged quantities,
i.e., at terms in the equations for quantities of the form d(a),/&, where a itself is
some sort of spatial average. It is necessary to take care in defining the time
average so that the budget equation has meaning - this issue is examined in
Appendix A.
In order to estimate the ensemble average response of the boundary layer to
surface heat-flux perturbations, we have averaged over several simulations (and
also over time). The simulations have been arranged in pairs, with the members
of each pair differing in the phase of the perturbation by &I2 as described above.
The motivation for arranging them in this way is as follows. Before the surface
perturbation is imposed, the phase averages should be horizontally homogeneous,
but spurious circulations will exist due to random organisation of the eddies. The
phase average fields of one member of a pair differ from the phase average fields
of the other member only by a horizontal displacement of hJ2, so a phase average
formed over both members tends to exclude the spurious circulations. (To be
specific, it excludes all components with wavelength h,lm, where m is odd.)
Therefore, before the heat-flux perturbation is imposed and for some time after,
a phase average over the pair should in general be closer to the ensemble average
than an average over either individually, and also closer than an average over two
independent simulations.
4.2. DOES A MEAN CIRCULATION EXIST?
A convenient measure of the strength of the instantaneous circulations is the
circulation kinetic energy,
H
def

E, = x E,;
I

where

E,i = ;

I

((4 );), dz

(13)

where H = 1.4h, well above the top of the boundary layer. The naive expectation
is that E, will be ‘small’ in the absence of a surface heat-flux perturbation, and
that when such a perturbation is imposed, E, will increase (perhaps over a period
of a few h/w,) to a more or less steady, ‘large’ value.
The circulation kinetic energy based on phase average fields from Set F is shown
in Figure 4. There is an immediate response to the imposition of the surface heat
flux perturbation at t = 200 min, but E, has not settled to a steady value by

hl.
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kinetic

350

energy

400

Fig. 4. Evolution of the circulation kinetic energy for Set F. The dashed lines (labelled u, v and W)
show the components
of the dimensionless,
verticallyintegrated,circulationkineticenergy E,., and the
solid line shows their sum E,..

t = 400 min. It is not clear whether the quasi-periodic variation is real, in the sense
that it would appear in the ensemble average.
The phase average fields from Set F have been further averaged over time and
some aspects will be described in detail below. There are two reasons for being
interested in such a time average. The first is that we suspect that the ensemble
average circulation is reasonably steady over the period and that averaging over
time will remove fluctuations about that average. The second is more subtle: even
if the ensemble average is not steady, the time average should be relevant to a
more realistic situation where the heat flux perturbation is not applied suddenly
and where different regions of the flow have different hisories.
Before examining time averages taken over Set F, we look briefly at time
averages from the individual simulations. The four fields of the circulation vertical
velocity (w’)~,~, averaged between t = 300 min and t = 400 min, are shown in Figure 5. All distances are made dimensionless by h and the velocity is made dimensionless by w*. One expects that there will be a symmetrical circulation with ascent
over the heat flux maxima and descent over the heat-flux minima. In three of the
simulations, the expected pattern is seen, with maximum velocities of order 0.1~~
to 0.2w*: in the other (curiously), it is not. An examination of similar time
averages from horizontally homogeneous simulations with zero wind suggests that
circulations with vertical velocities up to -O.lw, and random phase can arise by
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chance, so the question arises whether the surface heat-flux perturbation really
does drive an ensemble-average circulation.
The following procedure has been used to test for the statistical significance of
the circulation observed in Runs Fl to F4. A parameter,

b4p.r
2=O.z=0.4h

2

i=0.5A,,.i=0.4h1

is defined to capture a circulation that is symmetrical about f = 0 and has maximum
vertical velocity near the middle of the boundary layer. From the fields of Figure
5, the values for Runs Fl to F4 are
w = O.lOw,;

-O.Olw,;

0.23~~;

O.l2w,.

Based on a two-tailed t test with 3 degrees of freedom (Devore, 1982), the
population mean is non-zero at approximately 90% confidence. Corroborating
evidence comes from a second series of averages calculated between t = 200 min
and t = 300 min from the same simulations, for which
W = O.l9w,;

O.OSw,; 0.16~~;

0.08~~.

The population mean is non-zero at better than 95% confidence.
The above statistical tests are not conclusive. The samples are small, the members of the samples are not strictly independent, the number of simulations was
not fixed a priori, and the resulting confidence levels are not very high. But based
on the values of W presented above and on the symmetry of most of the (w’)~,~
fields calculated from the individual simulations, we conclude that the surface
heat-flux perturbations probably drive mean ascent over the heat-flux maxima and
descent over the heat-flux minima. From all eight values of W, the typical maximum vertical velocity is -O.lZw, and the uncertainty (standard error) is -0.03~~
. We find it interesting that such a weak result has come only after a great deal
of averaging in a situation with a high degree of regularity.
Note that many other effects of the surface heat flux perturbation can be
detected without the same problems of statistical significance. Graphs of the
temperature perturbation (f?),., for Runs Fl to F4 (H88) are all very similar in
the lower and middle boundary layer. The same holds for the perturbations in
turbulence fields shown below.
4.3.

THE TIME-AVERAGED

CIRCULATION

Figure 6 shows (u),,,, (w),,, and (S)P,f fields averaged over time between t =
300 min and t = 400 min for Set F. The graphs on the right-hand edge of the
figures show profiles of the horizontal averages (LZ)~,,and the contour plots show
the deviations from the horizontal average (a’),,, on an 2-t plane. (A similar
format will be used in later figures, but note that in some cases the horizontal

CIRCULATIONS

(4
Set

1N THE

CONVECTIVE

(u>
Average
from
300.
F
Horrtonial
average s&L-acted

BOUNDARY

to 400.
from flsld

LAYER

91

min

x/h*
oxTlLRsm

-0.18eo

TO

0.lBm

INTERYAL

0.02m

Fig. 6(a).

average will not be subtracted from the contoured field and this fact will be
indicated in the title.)
The (w’)~,~ field is approximately symmetrical about R = 0 - whereas the ensemble average must be exactly symmetrical - and has maximum amplitude near z =
0.35h. The maximum positive velocity in the updraught is 0.14~~ (to the nearest
O.O2w, contour interval) and the maximum negative velocity is slightly smaller in
magnitude at -O.l2w,. The (u’)~,, field is related to the (w’)~,~ field by mass
continuity. Below t = 0.35h it has inflow into the base of the ascending branch of
the circulation, with maximum velocity (-0.18wJ near the surface, and above
z = 0.35h it has substantially weaker outflow with maximum velocity (-0.04~~)
near z = 0.9h. The kinetic energy in the (u’)~,~ and (w’)~,~ fields accounts for 1%
of the total kinetic energy of the boundary-layer eddies.
The (f3’),,, field has the air over 2 = 0 warmer in the lower and middle boundary
layer and cooler in the upper boundary layer, with the reversal in sign near z =
0.7h. At z = O.lh, the amplitude of the variation is about lo,, or 0.1 K. The
limiting amplitude of the variation as z + 0 is about 28,. (Actually, the lowest
level at which the air temperature is evaluated in the model is at z = AZ/~ = 0.03h;
below that height, the 8 field in Figure 6c is extrapolated linearly. The simulated
temperature perturbation at the surface itself has a much larger amplitude, approximately 4 K.) In the middle and upper boundary layer, the perturbations are
very small, -lO-‘Bx, or -1O-2 K.
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DEPTH

By definition the boundary-layer depth h does not vary with f. It is the height at
which the heat flux (~‘8 + $3)h,r has a minimum; equivalently, it is the height
where the net tendency in (0) ,l,r, excluding the effect of subsidence, crosses zero,
i.e., where
(14)

One can also define a boundary-layer depth that is allowed to vary with i; by
analogy with Equation (14), this would be the height where

We find, however, that in Set F by this definition, the boundary-layer depth is
constant with i to within 2 1%.
Other possible indicators of the top of the boundary layer are the maximum in
potential tempeature gradient a(13),,,/az and the maximum in temperature variance ((f?‘)g,,),J,, They are both at z = 1.08h and also vary by less than 1%.
4.5. TURBULENCE:

DEVIATIONS

FROM THE TIME-AVERAGED

CIRCULATION

We now look at quantities of the form ((Q’);,~)~,, and ((~‘),,,(b’),,,)~,,. The former
will be labelled the a variance and the latter the al6 covariance.
Figure 7 shows the u and w variances and the w/f3 covariance calculated for Set
F. Above the surface heat flux maximum, there are pronounced near-surface
maxima in u variance and w/B covariance, a mid-level maximum in w variance,
and at the inversion, a minimum in the w/8 covariance (i.e., more vigorous
entrainment). In most senses, the boundary layer is ‘more turbulent’ over the
heat-flux maximum than over the heat-flux minimum.
For perspective on the amplitude of the horizontal variation in w variance in
the middle of the boundary layer, one can calculate the variance that would be
expected if the surface heat flux were constant at either the maximum or minimum
value. Note that the minimum surface heat flux is 0.5w,0, and the maximum is
lSw,B,. Convective velocity scales based on the boundary-layer depth h and on
the minimum and maximum fluxes respectively are
W*min

= (0.5)“3w, = 0.79~~

and w*,,~ = (1.5)“3w, = 1.15w,.

Since the w variance in mid-boundary-layer over a surface with constant heat flux
w,0, is 0.4w$, a reasonable first guess for the w variance in mid-boundary-layer
over the heat flux minimum is O.~W$,,, = 0.25~s and over the heat-flux maximum
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it is 0.4wz*,,, = 0.53~:. The variation observed in Set F is somewhat smaller,
from 0.30~; to 0.45~:.

4.6. HORIZONTAL-AVERAGE

STATISTICS

The present section returns to the decomposition of a variable into its horizontal
average and a deviation, as described in Equation (9) and as used in analysing
horizontally homogeneous simulations in Section 3. The variance in a is now
Figure 8 shows profiles of the velocity variances (u,?),,,,. The most conspicuous
difference from the horizontally homogeneous case (Figure 1) is that the u variance
is greater than the v variance in the upper and lower boundary layer. We interpret
the difference between the horizontal velocity variances as a symptom of elongation of the large eddies in the y direction: inflow into the base of the updraughts
then occurs mainly on the sides, as does outflow at the top, and appears as an
excess of u variance over v variance. An analysis of profiles from the individual
simulations in Set F (H88) shows that the difference between the variances is
significantly more variable between simulations than it is for a group of horizontally
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homogeneous simulations. This suggests that the susceptibility of the boundarylayer eddies to being elongated by the surface heat-flux perturbation varies depending on the initial configuration of the eddies.
Another noticeable effect of surface heat-flux perturbations is an increase in the
temperature variance near the surface. The difference is largest at the lowest grid
level (1.9& at z = AZ/~ = 0.03/t) and very small above about z = 0.2h. For comparison at the same height, ((C)z,,), = 1.4fI’,, so most of the extra horizontalaverage variance, but not all, is captured in the time-average circulation.
We have examined profiles of a number of other first-, second- and third-order
horizontal-average statistics and found a few effects from the surface heat-flux
perturbation. Among the effects that have been identified are: a decrease in the
height of the zero-crossing in the potential temperature gradient from z = 0.3715
to z = 0.32h; an increase in the height of the maximum in w variance from z =
0.40h to z = 0.44/z; and an increase in the magnitude of the maximum in (~‘~)~,~/2,
from O.llw$ to 0.12~:. These effects are statistically significant, but most are
small; they would be very hard to detect in the atmosphere. They are consistent
with an increase in the rate of vertical transfer of kinetic energy transfer and a
compensating increase in stability in the middle and upper boundary layer.
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5. Dynamics of the Thermally Forced Circulation
5.1. THE CIFXX~~ATION

TEMPERATURE

BUDGET

The budget equation for the circulation temperature (e’),,,, has been derived and
several of the terms shown in H88 (Equations 5.1 and Section A.3). We find that
in the lower and middle boundary layer, the budget can be approximated as a
balance between horizontal and vertical flux divergence terms,
(16)

where fr and f3 are components of
(17)

the sum of the resolved and subgrid turbulent heat fluxes.
The tlux components are shown in Figure 9. The vertical component f; has a
maximum dimensionless surface value of 0.5 and a minimum of -0.5, which is
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just the boundary condition imposed by the sinusoidal perturbation. In the lower
boundary layer, the horizontal component f,! carries heat away from the region
of maximum surface flux towards the region of minimum surface flux. One can
visualise streamlines of f: originating at the surface near fi = 0 and terminating
near 2 = k A,/2; most of them are concentrated near the surface where the horizontal flux is strongest. So, vertical flux divergence warms the base of the updraught
and is opposed by horizontal flux divergence.
In Appendix B of H88, we explored a simple model of this process wherein the
circulation potential temperature (e’),,,, is treated as a passive scalar c obeying a
local, down-gradient diffusion relationship, i.e.,

This model can be made to replicate the temperature and flux fields from the
large-eddy simulations in Set F tolerably well if the diffusivity tensor Kij is specified
appropriately. Figure 10 shows the resulting fields of c’ and f: , produced by the
down-gradient diffusion model with the following diffusivity fields
K1, = O.O7w,h
K,3 = K31 = 0
Kj3 = 2.5w,h(l

(19)
- zlh)(zlh)3’2
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They can be compared with the circulation temperature field in Figure 6c and the
fluxes in Figure 9.
This is not just an open-ended exercise in adjusting parameters to force agreement. The vertical diffusivity K33 is the ‘bottom-up’ diffusivity calculated by Wyngaard and Brost (1984) from large-eddy simulations for the different, but related,
problem of horizontally homogeneous, passive scalar diffusion. The diagonal components K13 and K3i are required to be zero by symmetry. The horizontal diffusivity Kii is the only ‘fudgable’ quantity in the model, and we found that to simulate
a horizontal flux of approximately the right form and magnitude, it must be
constant with height (or at least vary much more slowly than Kx3) and have a
value between O.O5w,h and O.lOw,h. There is independent support for our value
of Kii from observations and simulations of lateral diffusion from ground-level
point sources in the CBL, collected by Briggs (1985). The large-time asymptote
of his Equation (3) implies a lateral diffusivity equal to O.O9w,h.
It is well known that the concept of local, down-gradient diffusion has fundamental flows: to describe point-source dispersion correctly, the diffusivity has to be a
function of time after release - a dependence that is not allowed in the present
model; in mid-CBL the horizontal average vertical gradient in potential temperature becomes weakly positive in the presence of a large positive heat flux, so the
diffusivity becomes negative or ill-defined (Deardorff, 1966). But the degree of
success achieved by the above model suggests that, in the absence of a strong
circulation, the temperature and flux fields can be understood in terms of turbulence that is more or less horizontally homogeneous interacting with a passive
scalar.
5.2.

THE

CIRCULATION

VELOCITY

AND KINETIC

ENERGY

BUDGETS

Various arrangements of the budget equation for circulation velocity (u:)~,~ are
possible. We have found that terms involving advection by the circulation are very
small in Set F (H88, Section 5.2) and we express the remaining terms as follows

YW
(1)

(21

Here (1) is a buoyancy term and (2) is a (resolved plus subgrid) turbulence term,
and
def
tij

=

<(Uj!)p,Z(U,)p,r

+

Tij)p,t.

(7-l)

The pressure field has been split into two parts, associated with the buoyancy and
turbulence terms, respectively. Thus for each acceleration term a, the corresponding pressure rr* induced by the divergence in a satisfies a Poisson equation
OoV27ra = V. a.

(22)
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buoyancy tendency in circulation velocity for Set F: (a) (u’)~,, (contour
interval 0.1&/h)
and (b) (w’),., (contour interval O.OSw$lh).

The sum of a and the induced pressure gradient, a - t?,VrrO,has zero divergence
and we call it the non-divergent part of a.
Figure 11 shows the non-divergent buoyancy tendencies (term 1 in Equation
(20) above) in (u’),,,’ and (w’)~,~ for Set F. Because the divergence is zero, the
vertical component determines the horizontal component uniquely (or vice versa),
although the fields are easier to visualise when both components are presented.
The non-divergent turbulence term is not shown because it is equal and opposite
to the buoyancy.
There is a strong similarity in form between the buoyancy force in Figure 11
and the (u,),,~ field itself (Figures 6a and 6b), at least in the lower and middle
boundary layer - like the velocity, the buoyancy vector is directed upwards above
the surface heat-flux maximum, with shallow horizontal convergence near the
surface and deeper horizontal divergence above.
The non-divergent buoyancy field would be exactly proportional to the velocity
field, if the combined turbulence and subgrid forces were to follow a Rayleigh
friction relationship, i.e., one where the frictional acceleration a opposes the
velocity v according to
a = --(Yv.

(23)

The Rayleigh friction relationship only fails badly above z * 0.8/z, where (w’)~,~
at R = 0 is still positive but opposed by buoyancy. In the lower and middle
boundary layer it works reasonably well and the implied coefficient (Yis 2-3hlw,
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Fig. 12. Vertically integrated kinetic energy budget for the time-averaged circulation in Set F. The
terms are as follows: buoyancy (B), buoyancy pressure (I’,,), turbulence pressure (P,), turbulent II, Iu,
covariance (7,) and non-divergent subgrid (S). The buoyancy term is expresed in units of w:. The
remaining terms are expressed as fractions of the buoyancy term.

The inverse, l/a, is a time scale, which is therefore in the range 0.3-OShlw,, or
3-5 min.
There are advantages to describing the dynamics of the (zL~)~.,field in terms of
the budget for the kinetic energy ((~:)~,~),~/2:it is easier to describe the processes
quantitatively and certain integral constraints on the energy transformations appear. Figure 12 describes the vertically integrated kinetic energy transformations
for the time-averaged ciculation in Set F. Integrals are taken from the surface to
a height (Z = 1.4h) well above the top of the boundary layer. The arrangement of
terms is slightly different from that shown in Equation (20). B represents buoyancy
production in units of w”,. The remaining terms are expressed as fractions of the
buoyancy production. P stands for pressure, which has been partitioned into
contributions from buoyancy pressure ( Pb) and turbulence pressure (P,) . T stands
for interaction between the circulation velocity and the turbulent stress: T;j represents interaction between the i th velocity component with the Uiluj covariance. S
is the non-divergent subgrid term.
The ratio between the buoyancy pressure term (Ph) and the total buoyancy
production (B) has a value of 0.45; in other words, 45% of the total buoyancy
production in ((w’)z,,),/2 is transferred directly to ((u’)~,,),,/2 by the buoyancy
pressure. We expect this ratio to depend on the aspect ratio of the circulation: as
the horizontal scale increases, PJB should approach its hydrostatic value of 1.
Of the T;j terms, the largest is Tll (u circulation, u variance) at 62% of the
buoyancy production. It is large because the region of horizontal convergence at
the base of the circulation updraught (Figure 6a) coincides with a pronounced
maximum in u variance (Figure 7a). Note also that the terms in Figure 12 associated with the u/w covariance, T,, and T 13, are of opposite sign and their sum is

CIRCULATIONS

IN THE

CONVECTIVE

BOUNDARY

LAYER

109

only 14% of B, so the U/W covariance does not achieve a large fraction of the net
energy transfer to turbulence.
Finally, one can calculate a time scale based on the vertically integrated kinetic
energy of the time-averaged circulation and the vertically integrated rate of dissipation by resolved and subgrid turbulence. For the present case, the time scale
is
O.O037w2*h
= 0.32hlw, = 3 min.
o.o117w3*
This seems surprisingly small. For comparison, a time scale calculated from horizontally homogeneous simulations (H88) for the subgrid dissipation of turbulence
kinetic energy was 1.17hlwe.
5.3. INTERPRETATION
The analyses of the temperature and velocity budgets suggest a qualitative model
for the effects of the surface heat-flux perturbation. The immediate response to
the perturbation in the lower and middle boundary layer is a redistribution of heat
by the vertical and horizontal fluxes. The heat flux fl is directed from the warmer
region immediately above the maximum in surface heat flux to the cooler region
above the surface heat-flux minimum. The mean temperature is higher over the
heat flux maximum than over the heat flux minimum, but the amplitude of the
perturbation is small - about 18, or 0.1 K at z = O.lh. The process resembles
diffusion of a passive scalar, and the flux and mean temperature fields can be
reproduced tolerably well by a down-gradient diffusion relationship with a plausible diffusivity. The required horizontal diffusivity is not especially large in dimensionless terms - of the order of O.lw,h - so perhaps the small magnitude of the
circulation perturbations should not come as a surprise. Still, owing to its large
velocity and length scale, the convective boundary layer is a highly diffusive
medium.
But temperature is not a passive scalar: through buoyancy forces, the horizontal
and vertical fluxes affect the turbulent stresses and the mean temperature field
affects the mean velocity.
Given a higher mean temperature over the heat-flux maxima, what mean circulation is to be expected? The circulation velocity budget is predominantly a balance
between the non-divergent buoyancy force and the non-divergent tubulent force.
The former is entirely determined by the circulation temperature perturbation
discussed above. The non-divergent turbulence force transfers kinetic energy from
the circulation to the turbulence; a time scale has been defined for that transfer
and found to be quite short, only 0.32hlw, or 3 min. The convective boundary
layer therefore appears to be a highly dissipative medium for two-dimensional
circulations when the horizontal scale is comparable to the boundary-layer depth.
We have not pursued very far the question of why the CBL dissipates small-
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scale, two-dimensional ciculations so efficiently. We think that the most effective
approach to this problem would be to construct a model for the turbulent stresses
and explore its behaviour. Our analyses (H88) suggest that direct forcing by
turbulent buoyancy fluctuations and the induced pressure fluctuations is important
in all the turbulent stress budgets and would therefore have to be included in the
model.
6. Conclusions
The two questions posed earlier can be answered in the affirmative: spatial variations in the surface heat flux do cause changes in the structure of the simulated
CBL. Some aspects of these changes are revealed by analysing with respect to the
phase average and others are revealed by analysing with respect to the horizontal
average.
The case we have considered is a very simple one, without the apparent complication of a mean wind and with a heat-flux perturbation having a wavelength $,
of 1500m, a little larger than the boundary-layer depth and comparable to the
typical scale of the large eddies. A mean circulation is observed, with ascent over
the heat-flux maxima (minimum positive velocity 0.14~~) and slightly weaker
descent (maximum negative velocity 0.12wJ over the heat-flux minima, although
its existence can be established with reasonable confidence only after considerable
averaging. This amount of averaging is feasible in the large-eddy simulations, but
it would be very difficult to achieve in the atmosphere. One reason the circulation
is hard to detect is that it is ‘weak’, in the sense that it accounts for only a small
fraction (-1%) of the kinetic energy in the boundary layer. Another reason is
that the lack of a mean wind allows stationary convective updraughts in random
positions to appear in the phase-time averages.
The surface heat-flux perturbations cause horizontal variations in the turbulence
throughout the depth of the boundary layer. If one compares the regions over the
heat-flux maxima with the regions over the minima, one finds the following features
over the former: the vertical velocity variance is larger, by about 50% in the
middle of the boundary layer; near the surface the u variance is much larger; the
temperature variance is larger in the lower boundary layer and near the capping
inversion; the w/8 covariance is larger in the lower boundary layer and more
negative in the entrainment layer.
One can look at the effect of the surface heat-flux perturbation in a fundamentally different way by examining the profiles of the horizontal averages and the
deviations from them. (Collectively they are labelled ‘horizontal-average statistics’.) The most noticeable effect of the heat-flux perturbation appears in the
horizontal velocity variance profiles as an excess of u variance over v variance,
the difference being largest near the surface and very small in the middle of the
boundary layer. It is noteworthy that this difference is much larger in two of the
simulations over which the averages have been calculated than in the other two.
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There is also a substantial increase in temperature variance near the surface. Other
effects are more subtle - they can be detected in the model because there is a
large control group of time averages from horizontally homogeneous simulations
with which to make the comparison, but they would be difficult, if not impossible,
to detect in the atmosphere. They include a small increase in the flux of vertical
velocity variance.
From a consideration of budgets for circulation temperature, circulation velocity
and turbulent stresses, we have derived several simplifying concepts. The process
that produces the mean temperature pertubation resembles passive scalar diffusion
to a first approximation - these perturbations are small because the CBL is highly
diffusive. The time scale for transfer of energy from the mean circulation to the
turbulence is short. The horizontal and vertical buoyancy fluxes have important
direct effects on the turbulent stresses.
For future research, the immediate need is to establish that the model is basically
correct in the idealised situations that have been considered. It would be straightforward to set up a laboratory simulation using a facility like Deardorff and Willis’s
(1985) water tank. The present study suggests what phenomena it would be
productive to look for.
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Appendix.

A Satisfactory Definition

of the Time Average

One wishes to define a time average (a), of a variable a(t) - which itself will
normally be some sort of spatial average - and write budget equations for statistics
such as (a),, (a’), and (a):. It is highly desirable that the averaging operator have
the properties
(4, = (4,

(A.1)

~(4,=($J.
f

04.2)

Consider first a running average of a(t) over an interval A centered around the
current time t, i.e.,
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U(T) dT.

(A.3)

r-w2

This satisfies Equation (A.2) but not Equation (A.l).
Alternatively the average can be defined to be constant over an interval [tl, t2]
of duration A, i.e.,
12

(A-4)
Now Equation (A.l) holds, but
$ (a), = 0 whereas (z)

*

= a(t2) a a(tL),

so in general Equation (A.2) is not satisfied. It is not clear, in fact, what a budget
equation means with such an average.
To define a more useful time average, consider an instant t at which there is an
ensemble of simulations, each initialised at a different time within an interval. Say
the youngest realisation was initialised at time t - tl and the oldest at t - t2 where
t2 - tl = A as before. The value of the variable a in the realisation of age 7 at
time t will be written as a(~ ; t). The realisations could correspond in a broad sense
to different regions in an atmospheric flow, each with different histories. The time
average is defined as an average over this ensemble, i.e.,

(u)Jt)= d 1 U(T;t) dT.
Equations (A.2) and (A.l) are both satisfied, the first by definition and the second
because integration over T and differentiation with respect to t are commutative,
giving
t2

f2

U(i;t)dT=$$Z(T;t)d7=(;).
r
fl

I1

Of course one does not normally have a large number of independent realisations available; however, let us assume that all the realisations were initialised in
an identical way and integrated with identical prognostic equations and boundary
conditions, i.e., they are all drawn from the same simulation. The average now
has the same value as the one defined in Equation (A.4) but still satisfies Equations
(A.2) and (A.l). (The proof of these postulates did not depend on the realisations
being independent or otherwise.) The average has been defined to be the same
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for all the realisations, but still evolves with time, so meaningful budget equations
can be written for it.
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