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What does a low-dimensional weather attractor mean?
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Low-dimensional attractors are obtained reliably for a surface thermally-induced atmospheric flow. Different physical pro-
cesses corresponding with these low dimensions are discussed, and a mathematical mapping of the atmosph.:ric flow patterns
from these physical processes is determined.

Various notions of dimension are important quan-
tities to characterize strange attractors in dissipative
nonlinear dynamical systems [I]. In practice, the
correlation dimension estimated using the Grass-
berger-Procaccia algorithm [2] is most widely used.
In a k-dimensional phase space reconstructed from
observed data by the method of delay [3,4], the cor-
relation function C(r) is obtained as the cumulative
histogram for the number of pairs of trajectory points
whose distance is less than r [2]. If, as r approaches
zero (but is still larger than the noise level of the
data), C(r) varies as r"(k), and if the exponent v(k)
approaches a value independent of k as k-+oo (usu-
ally k>2v(k) is sufficient), this value is defined as
the correlation dimension, denoted as v..

In the past few years, various researchers have ap-
plied the Grassberger-Procaccia algorithm to ana-
lyze the time series of various weather and climate
data [5-12]. Low (between 3 to 8) dimensional at-
tractors were claimed in these studies. In contrast,
using observational data which have a length com-
parable to or greater than those used in the previous
studies, a saturated fractal dimension, v., still could
not be obtained, and it could only be claimed that v.
is well above 8 [I]. Using entire global fields of ob-
served data, the saturated correlation dimension
could not be obtained either [13]. Qualitative and
quantitative data requirements of the Grassberger-
Procaccia algorithm have been discussed by various
researchers [1,7,8,14,15], and the existence of low-
dimensional atmospheric attractors is currently a

highly debated subject. Another interpretation for
apparently finding low-dimensional atmospheric at-
tractors is that this may instead reflect the weak non-
linear interaction between the analyzed variable and
the other variables in the atmosphere [16].

It should be emphasized that the computation of
correlation dimensions is only the first step to de-
scribe the properties of dynamical systems (other
properties include, e.g., the Lyapunov-exponent
spectrum). The second and more difficult step is to
explore the question: even if a low-dimensional at-
tractor exists (e.g., for a particular atmospheric flow),
what does it mean? Theoretically, the fractal dimen-
sion is related to the number of degrees of freedom;
it provides a lower bound on the number of depen-
dent variables needed to describe the time evolution
of the dynamical system, and, for a simple system,
the Whitney embedding theorem [4] provides an
upper bound. However, for complex systems such as
the atmosphere, the conditions of the Whitney
embedding theorem may not be satisfied, and this
upper bound may not be valid. The fractal dimen-
sion also provides statistical information about the
system. On the other hand, the correlation dimen-
sion analysis gives no hints as to how we can find
suitable variables and how we can construct a math-
ematical mapping from these variables to the func-
tion space of all atmospheric flow patterns, which
captures a great deal of the atmospheric variability.
Note that these variables are, in general, not the orig-
inal variables used to reconstruct the phase space;
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Fig. I. Correlation dimension plot for 8, u, and w, using the data at all grid points. The solid, dotted, short dashed, and long dashed lines
denote the cases of L=O, 1,2.5 and 5 km, respectively.

instead, they are most probably related to the dom-
inant physical processes or parameters. We do not
feel that there are well-defined general methods to
deal with this problem. Therefore, we discuss this
problem for a specific atmospheric system, namely,
surface thermally-induced atmospheric flow.

Two-dimensional nonhydrostatic, fully compress-
ible equations are used to describe atmospheric flow.
The surface consists of alternating soil and water with
the size of each strip being L. The horizontal grid
spacing Ax is 100 m for L=0-5 km and is 2 km for
L= 10-150 km. Further model details can be found
in our previous paper [7] where the error-growth
dynamics and predictability of these surface ther-
mally-induced circulations have been extensively
studied. It is also shown there that two-dimensional
and three-dimensional simulations yield similar re-

suIts regarding atmospheric predictability.
We first take all grid points to construct a 4000-

dimensional phase space for the cases of L=0-5 km.
Results for the potential temperature fJ, horizontal
and vertical winds (u and w) are stored every half
hour. Therefore, for each variable, there are 48 tra-
jectory points in this phase space for 24 h of inte-
gration. Note that the phase space is only a projec-
tion of the true phase space which consists of all
prognostic variables (fJ, u, w, and the turbulent ki-
netic energy) at all grid points. Although the dimen-
sion of the phase space is fixed for these cases, the
saturated correlation /Is can be obtained without fur-
ther increasing the embedding dimension, since this
phase space is large enough. Figure 1 shows the cu-
mulative histograms for the cases of L= 0-5 km. It
is seen that the correlation dimension /Is is similar
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Fig. 2. The same as in fig. I, but now for the cases of L= 10, 30, 50 and 100 km.

for (J for different cases. For In r from 2 to 2.5, the
correlation dimension is about 3.5. For In r greater
than 3, v. is about 1.4. For the u-component, v. is
similar for the cases of L= 1,2.5, and 5 km, but dif-
ferent between these cases and the homogeneous case.
v. is between 3 and 4.5 for the intermediate range for
L= 1,2.5, and 5 km, but difficult to estimate for the
homogeneous case (well above 5). For the w-com-
ponent, v. is about 4.7 in the intermediate range for
the cases of L= 1,2.5, and 5 km, but difficult to es-
timate for the homogeneous case in the intermediate
range. For In r greater than 2.5, v. is less than unity
for all cases.

By comparing v. for different variables, it is seen
that v. is smallest for (J, and largest for w in the in-
termediate range. This is consistent with the pre-
dictability of these variables: (J is most predictable
and w is least predictable [17]. However, this con-

sistency need not be true in general. The fractal di-
mensions are different for different variables, be-
cause different variables are governed by different
detailed dynamics, or, stated in another way, be-
cause the coupling strength of different variables with
the rest of the system is different [16]. Low-dimen-
sional attractors are found in the intermediate range
for (J in all cases, and for u and w in all cases except
the homogeneous case. The high correlation dimen-
sions of u and w in the intermediate range for the
homogeneous case, which are difficult to estimate,
imply that the turbulent structures in the boundary
layer are of a larger degree of freedom and hence are
difficult to predict.

Low-dimensional attractors are also obtained for
the cases using Ax= 2 km. Some of the results are
given in fig. 2. Discussions similar to those for fig.
1 can be given. The fractal dimensional is less than
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Fig. 3. The same as in fig. 2, but now using the data at 66 grid points (II points at each of six selected levels in the atmospheric boundary
layer).

3 for all these cases. Note that fractal dimensions in
these cases are relatively smaller than those in fig. 1,
which is consistent with the conclusion [17] that the
atmospheric flow is more coherent and more pre-
dictable in the cases of L~ 10 km compared with the
cases of L=0-5 km. We also use data stored every
30 s at 66 grid points (11 points at each of six se-
lected levels in the atmospheric boundary layer) to
compute the correlation dimension. Only the data in
the first 12 h are used, so that there are 1440 tra-
jectory points in the 66-dimensional phase space. The
results for L = 10, 30, 50, and 100 km are given in
fig. 3. As in fig. 2, the correlation dimensions are also
low (less than 3). Results similar to those in fig. 3
are also obtained for the cases of L=0-5 km. Fur-
thermore, we compute the correlation dimensions at
different vertical levels in an II-dimensional phase

space for all cases. It is also found that low-dimen-
sional attractors are obtained for all cases based on
the intermediate range of the curves.

In addition to the above computations, we also
compute the correlation dimensions in a 3 to II di-
mensional phase space by two methods [7]. The first
method entails the use of the data from each of II
grid points at the same vertical level and separated
by 500 m in the fine-resolution simulations as a sep-
arate coordinate. The embedding is done by intro-
ducing the data from progressively more grid points
as additional coordinates. An example for the case
of L= 5 km is given in fig. 4. It is seen that, as above,
the correlation dimensions are low. It is also shown
that the w field is characterized by two distinct cor-
relation dimensions; p. is higher in the lower range
than in the intermediate range. The other method
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Fig. 4. Correlation dimension plot for the case of L=5 km, using the data oflJand u at z=589 m and ofwat z=637 m. The solid, dotted,
short dashed, long dashed, and dotted-dashed lines denote the phase space reconstructed by using 3, 5, 7, 9 and 11 grid points, respec-
tively, and are separated by increments of 1 for clarity.

However, the correlation dimension analysis gives
us no way of constructing this manifold. This is a
well-known frustration of the correlation dimension
analysis. For our cases, we speculate that two di-
mensions of the low-dimensional attractors are as-
sociated with the magnitude of the surface heating
due to solar radiation, and the surface modulations
due to surface inhomogeneities. When the surface
heating is strong, turbulence is fully-developed, which
leads to strong nonlinearity and convective instabil-
ity, and hence leads to the growth of the initial per-
turbations. On the other hand, the land/water con-
trast induces sea-breeze type of circulations which
are strongest when the surface heating is strong. These
circulations are coherent and suppress the growth of
the initial perturbations. Another dimension is as-

treats the data at 11 grid points together as inde-
pendent measures from a single site by concatenat-
ing the different time series from each grid point to
create a single large time series. It is found that the
two methods yield similar results.

Because of the low value of the correlation di-
mensions, the qualitative and quantitative data re-
quirements for the Grassberger-Procaccia algorithm
[1,7,8,14,15] are satisfied. Therefore, we have shown
by different methods that low-dimensional attrac-
tors (less than 5) exist for surface thermally-induced
circulations. These results imply that the motion in
a very high dimensional phase space (which ap-
proximately represents the original infinite-dimen-
sional phase space of the physical system) is con-
fined to the vicinity of a low-dimensional manifold.
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\system. Our results also imply that a low fractal di-
mension does not necessarily mean that the system
can be described by a few equations; more general,
a low dimension means that the system can only be
described by a mathematical mapping from a few key
physical processes or parameters to the flow fields.

This work was sponsored by NSF grant no. ATM-
8915265.
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our selected parameters basically determine the sa-
lient feature of the surface thermally-induced at-
mospheric flow under the condition of a calm mean
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mapping is the original nonlinear governing equa-
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general, inappropriate because of their chaotic prop-
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conditions.

Therefore, we have demonstrated that low-dimen-
sional attractors exist for surface thermally-induced
atmospheric flow. Different physical processes cor-
responding with these low dimensions are discussed,
and the linear model provides the mathematical
mapping from these parameters to the atmospheric
flow fields which capture the salient feature of the
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