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Abstract
A new formulation for eddy diffusivity is derived from Taylor’s statistical theory on
turbulence and from a generalized turbulent spectral equation for energy in the inertial
subrange. The latter aspect is taken into account for considering the intermittency phenomenon
within turbulence model. The approach is used for a stable atmospheric boundary layer
parameterization.
r 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Intermittency concept has been proposed to explain some theoretical and
experimental discrepancies from Kolmogorov’s theory on turbulence [1]. Parisi
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and Frisch [2] used a multifractal approach to model intermittency, where the second
Kolmogorov’s hypothesis (self-similarity) is replaced by the assumption that
‘‘turbulent flow is assumed to possess a range of scaling exponents b 2 ðbmin ; bmax Þ’’
[1]. Here, a generalized Kolmogorov’s law for inertial sub-range is used to represent
the intermittency and also to derive a new formulation for eddy diffusivity.
Many approaches in turbulence start assuming Reynolds’ hypothesis, where the
turbulence is described as a sum of a mean stream plus a ﬂuctuation term (with zero
mean). The turbulence contribution in momentum, energy, and mass equations is
constituted by the product between ﬂuctuations. These terms represent new
unknowns in the equations. The system of equations can be closed using the Ktheory, where the turbulent ﬂuxes are represented by the gradient of the mean stream
multiplied by an eddy diffusivity. In this paper new formulations for these
parameters are derived based on the Taylor’s statistical theory of turbulence [3]
and by an analytical model for the energy spectra. This model of turbulence can be
applied for many physical systems, such as combustion, solar physics, pollutant
diffusion, and geophysical ﬂuid dynamics.
Our approach is applied to the atmospheric turbulence, since it is a
permanent feature in the planetary boundary layer (PBL), a thin layer in direct
contact with the ground. In a recent paper, a similar formulation was used for
convective atmospheric boundary layer to derive eddy diffusivities and countergradient term [4]. In the present work the intermittency is represented in a
parameterization for stable boundary layer (SBL). In this PBL, turbulence comes
from a delicate balance between heat ﬂux from the atmosphere to the ground
(weakening the turbulence) and the shear of the wind (production term of the
turbulence).

2. Representing intermittency in the eddy diffusivity
The starting point for the new formula for the eddy diffusivity is to consider a
modiﬁed or generalized Kolmogorov’s energy spectra in the inertial subrange
EðkÞ ¼ c2 2=3 kð1þz2 Þ

(1)

c2 being a constant,  is the dissipation function, and k is the wavelength. For z2 ¼ 23
the Kolmogorov’s law is recovered and there is no intermittency.
Taylor’s statistical theory on turbulence [3] states that the variance of the position
of a particle is related to the velocity variance according to
(
Z t
a ¼ x; y; z ;
2
2
(2)
sa ¼ 2si
ðt  tÞ RLi ðtÞ dt with
i ¼ u; v; w ;
0
where RLi is the correlation coefﬁcient and satisﬁes RLi ð0Þ ¼ 1; and the subscript L is a
reference to Lagragian correlations. Assuming stationary behaviour for turbulent
velocity ﬁeld, the relation between the correlation function and the spectra is
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simpliﬁed:

Z

si RLi ðtÞ ¼

1

FLi ðoÞ cos ot do ,

(3)

0

R þ1
where FLi ðoÞ ¼ ð1=pÞ 1 s2i RLi ðtÞ eiot dt: Therefore, velocity variances can be
obtained, for a frequency n ¼ o=2p in Hertz, taking t ¼ 0:
Z 1
Z 1
s2i ¼ 2p
FLi ð2pnÞ dn ¼
S Li ðnÞ dn .
(4)
0

0

Eq. (4) shows that the kinetic energy per unit of mass is obtained if the spectrum is
integrated over all frequencies, and it also introduces the spectral density S Li ðnÞ ¼
2pFLi ð2pnÞ:
In the ﬁrst-order closure, turbulent ﬂuxes are parameterized by the product
between an eddy diffusivity and a mean of the property
qw̄
,
(5)
qa
where w can be velocity, temperature and so on. An expression for the timedependent eddy diffusivity was derived by Batchelor [5],
v0i w0 ¼ K aa

1 ds2a
.
(6)
2 dt
Substituting the expression of the correlation coefﬁcient (3) and the Taylor’s
equation (2) in Eq. (6) yields [6,7]
Z
s2i 1
sinð2pntÞ
K aa ¼
dn ,
(7)
F Li ðnÞ
n
2p 0
K aa ¼

where F Li ðnÞ ¼ SLi ðnÞ=s2i is the normalized Lagrangian spectra of energy. Hence,
having an expression for the spectra, in which the ones matching with the generalized
Kolmogorov law (1) for large values of frequency, will be a turbulence model with
the intermittency represented.
The method can be applied in plasma physics, ﬂuid ﬂow, oceanography, and so
on. In this paper the scheme will be used to derive an eddy diffusivity in atmospheric
turbulence for SBL condition. Before, two aspects need to be considered in our
derivation. In meteorology the Lagrangian statistics is not measured, in general, only
Eulerian statistics are used. A standard procedure is to consider Lagrangian and
Eulerian autocorrelation functions as similar in shape, but they are displaced
by a scale factor bi ; the ratio between Langrangian and Eulerian time-scales,
i.e., RLi ðbi tÞ ¼ RðtÞ [9].
The use of scale factor bi and an asymptotic formula for large travel times
(t ! 1), yield to obtain the eddy diffusivity as follows [6,7]:
s2i bi F i ð0Þ
,
(8)
4
pﬃﬃﬃ
where the scale factor can be expressed as bi ¼ ð p UÞ=ð4 si Þ [10], U being the
velocity of the main stream.
K aa ¼
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A formula for spectra can be derived considering a general model, as suggested by
Sorbjan [8] (see also Ref. [6])
n S Ei ðnÞ
A f m3
¼
,
u2
ð1 þ B f m1 Þm2

(9)

with f ¼ nz=U being the nondimensional frequency. Therefore, a generalized
expression for the energy spectra is obtained matching the experimental spectral
peak with the maximum of the spectral model, and also to ﬁt this model with
modiﬁed Kolmogorov’s energy spectra. From this, the generalized expression for the
normalized energy spectra is written as
 "
 1þz2 #1
S i ðnÞ
1
f
1=ð1þz2 Þ f
F i ðnÞ ¼ 2 ¼ cz z2
,
1þ
1þz
2
r
r
si
z2 ðf m Þn;i

(10)

where cz ¼ ½sinðp=ð1 þ z2 ÞÞ =½p=ð1 þ z2 Þ ; and r ¼ ðf m Þi ðf m Þ1
n;i ¼ 1 þ 3:7 ðz=LÞ is a
stability function [8,6], being ðf m Þi the maximum value of the spectra and ðf m Þn;i the
maximum frequency for neutral stratiﬁcation, z is the height above the surface; L is
the local Monin–Obukhov length, obtained from the local similarity theory [11]:
U
z
¼ 1
h
u
w0 y0
0

ðw0 y Þz¼0

a1

,

¼ 1

L
z
¼ 1
LMO
h

(11)

z
h

a2

,

ð3a1 =2Þa2

(12)

,

(13)

U being the local friction velocity, u the friction velocity on the ground, h is the
SBL height, y the temperature, and a1 ; a2 are experimental constants. The parameter
LMO is the Monin–Obukhov length from classical similarity theory [12],
LMO ¼ 

u3
k ðg=Y0 Þ ðw0 y0 Þz¼0

,

(14)

where k ¼ 0:4 is the von Kármán constant, g is the gravity acceleration, and Y0 is the
temperature on the ground.
From Eqs. (8) and (10), the expression for eddy diffusivity follows
K aa ¼

0:11 U z
ðz rÞ1=3þz2 =2 .
ðf m Þi

(15)

The vertical component of the diffusivity tensor can be written taking the expressions for the local friction velocity U and for the maximum value for the vertical
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spectrum ðf m Þw :
K zz 0:32 ð1  z=hÞa1 =2 ðz=hÞ
ðz rÞ1=3þz2 =2 .
¼
1 þ 3:7 ðz=LÞ
u h

(16)

2.1. Determining the scaling exponent z2
It is necessary to estimate the value of the scaling exponent z2 ; for closing our
theoretical derivation. As mentioned, some theoretical objections [1,13,14] and
experimental results [1,15,16] have led to different proposals of the Kolmogorov’s
theory. The log-normal approach is one of the ﬁrst proposals [17], and the logPoisson model [18] is another one. Here, a multifractal model will be employed.
The properties of turbulent ﬂuxes are studied from statistics of the velocity gradient
vr ðxÞ ¼ vðx þ rÞ  vðxÞ; for several scales r. From the multifractal formulation, the
structure function Rp ðrÞ for inertial subrange (Z5r5L) can be expressed as [1]
Z
Rp ðrÞ hvpr i
r pbþ3DF ðbÞ


dmðbÞ
,
(17)
p
p
L
v0
v0
I
where L and Z are the integral and Kolmogorov’s scales, hi is the mean value, and
DF ðsÞ is the fractal dimension. In this subrange the smallest exponent will dominate
expression (17), and zp ¼ inffpb þ 3  DF ðbÞg is the exponent for scaling the structure
function.
The fractal dimension in Eq. (17) can be computed for experimental or numerical
data [1, p. 145]. However, Ramos et al. [19] derived an analytical formula for the
fractal dimension based on Tsallis’ non-extensive thermostatistics [20]:
DF ¼ 3

logf½3  qðrÞ r=Zg
.
logð2r=ZÞ

(18)

The parameter-q plays a central role in non-extensive thermostatistics, where for
q ¼ 1 Boltzmann–Gibbs extensive description emerges as a particular case. The
parameter-q is given by
qðrÞ ¼

15  7H L ðr=LÞa 15  7H Z ðr=ZÞa
¼
9  5H L ðr=LÞa
9  5H Z ðr=ZÞa

(19)

with a ¼ z4  2z2 ; and H L ¼ H Z ðL=ZÞa ¼ 3:

3. Final comments
A new formulation for eddy diffusivity was derived for ﬂuxes where the turbulence
is generated by mechanical process in the presence of weakened turbulence. The
new eddy diffusivity has a numerical value greater than that computed with
Kolmogorov’s hypothesis. To illustrate this feature, the vertical component of the
turbulent diffusivity tensor is shown in Fig. 1, where the following numerical values
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Fig. 1. Vertical eddy diffusivity for Kolmogorov’s and multifractal approaches for SBL.

were used: a1 ¼ 3=2 and a2 ¼ 1 for fully developed SBL [11]; ðf m Þn;w ¼ 0:33 [8], and
LMO ¼ 60 m as a typical value for Monin–Obukhov length in SBL; and adopting
the exponent z2 ¼ 0:72; such as determined by Ramos et al. [19,21]—see also
Refs. [22,23] for estimation of this exponent based on non-extensive thermostatistics.
Fig. 1 shows the vertical eddy diffusivities for the Kolmogorov’s original
hypothesis and for expression (16). The difference between these two plots is
due to the new term ðz rÞ1=40 : These two diffusivities present a small difference,
implying in a difﬁculty to identify an improvement of the meteorological ﬁelds
predicted for the correction proposed, from regular measurements in the SBL. The
same comment is valid for the attempt to identify the eddy diffusivity from
observations in an SBL by an inverse problem methodology [24]. Also, it is worthy
to point out that as the accuracy of observations gets improved, the effectiveness of
candidate theories for estimation of z2 can be evaluated, e.g., non-extensive
thermostatics formalism.
Finally, it is important to mention that the result of this paper and the expression
for the convective atmospheric boundary layer [4], give a new framework for two
important thermodynamic types of the PBL representing the intermittency in
turbulent ﬂuxes.
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