2.
1
3.
i.18
51

Correction courtesy of Erica McGrath-Spangler, 12/6/06

Contents

Preface

ix

Prefaceto SecondEdition
Foreword

xiii

xv

1. Introduction
Basic Set of Equations

3

2.1 Conservationof Mass
3
2.2 Conservationof Heat
5
2.3 Conservationof Motion
13
2.4 Conservationof Water
17
2.5 Conservationof Other Gaseousand Aerosol Materials
2.6 Summary
18
Simplification of the Basic Equations
3.1
3.2
3.3
3.4

Averaging the ConservationRelations
4.1
4.2
4.3
4.4
4.5

22

Conservation of Mass
22
Heat
Conservation of Motion
29
Conservation of Motion
29
Conservation of Water and Other Gaseous and
Aerosol Contaminants
39

41

Definition of Averages
41
Vorticity Equation
49
Diagnostic Equation for Nonhydrostatic Pressure
Scaled Pressure Form
53
Summary
55
v

~

Correction Courtesy of Giovanni Dolif, INPE, Brazil

10/1/08

2 Basic Set of Equations

8

where q is the specific humidity or ratio of the mass of water vapor M to the
massof dry air Md' Expandingthis relation,
-(1/28.98)(1
-q + (28.98/18.02)q)

.uatm
=

=

28.98
-q + (28.98/18.02)q

28.98
1 + q[(28.98/18.02) -1]
.,

28.98
1 + O.61q

and inserting .uatm
into Eq. (2-11) gives
pa = Rd(1 + O.61q)T.

(2-12)

This form of the ideal gas law includesthe contributionof water vapor and is
often written as

> not <

pa = RdT,

(2-13)

R To
= Rd(l
+ O.61q).
complete
the derivationof the first law of thermodynamicsfqr an ideal
gas,it is useful to introduce the conceptof exactdifferentials.If a function F
exists such that
F = F(x,y),
where x and y are two independent variables,4 then
dF = (iJF jiJx)dx + (iJF jiJy)dy = M dx + N dy

by the chain rule of calculus.If

aMlay = aNlax.
then
a2F lax ay = a2F lay ax,

(2-14)

ate Transformations

given by

(6-24)

6.2 Generalized Vertical Coordinate

are valid only over spatial and temporal intervals that are much smaller than the
mesoscale space and time scales.
The functional form of this generalized vertical coordinate transformation, in
terms of the original Cartesian system, can be written as

x=x

if =x

=y
i3 = U(x. y, Z, f),

(6-27

If the sc:aled pressor transformation
se operations (e.g.,
'"and (6-13). These
entation.
)f the conservation

1berof contravaric tensor to change
It a superscript on
licates, l\y convenIre that the deriva.

a covariantreprethe Jacooianwhen
Jf must be used to

a:tmosp~ricflows,
rlarilytransformed.idition,
it is necesEqs. (6-24)-(6-28)

ations
;;2
.~
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Should be , t) with the t

y =i2 inside the brackets
z = h(x X ,X ),1
-2

-3

The functional form of u has beenspecifiedin a numberof forms. including

u=o

u = S(Z -ZG)/(S

u=p,

u = (po -p)/(po

U = p/PG

u = (fJ -fJT)/(fJO -fJT).

lr

-ZG)

-PT).

Pref~O)
-PT

U=[ ~PG -PT J LPref(ZG)-PT In these expressions, PG' (JG'PT' and (JT refer to the pressures and potential
temperatures at the bottom and top of the coordinate representation; ZG and s
specify the terrain height and height of the top; and Pref(O)and Pref(ZG)are the
pressure at sea level and at ZG using a standard reference atmosphere that is
the same across the model (Black 1994). The first two forms of 0' on the left
are referred to as isentropic and isobaric representations, and the remaining six
are terrain-following coordinate systems, usually called sigma representations.
The bottom formulation in the right column for 0' is a normalized isentropic
representation introduced by Brankovic (1981).
The innovative form of 0' at the bottom of the lefthand column is called the
"Eta coordinate system" (Janjic et al. 1988, Janjic 1990; Mesinger and Black
1992; Black 1994; Mesinger 1996, 1997, 1998; Mesinger et al. 1997) and is
the system used by the U.S. National Centers for Environmental Prediction
(NCEP) for one of their regional models. The Eta system has the advantage of
a form of sigma system that is nearly horizontal, while meeting the requirement
that the system not intersect the terrain. Gallus and Klemp (2000) provide a
recent comparison of model simulations of airflow over mountains using the Eta
coordinate and another form of a terrain-following coordinate system. In ocean
models, a coordinate system that uses density as a vertical coordinate is often
used (see,e.g., Bleck and Boudra 1981). Adcroft et al. (1997) and Marshall et al.
(1997) use a partial grid volume coordinate system (called "shaved cells") at
their ocean bottom-ocean interface. Laprise (1992a) suggests using hydrostatic
pressure as the vertical coordinate.
Correction: (Janjic 1990; Mesinger and Black 1992; Black 1994; Mesinger 1996, 1997,
1998; Mesinger et al. 1997, 1998) Reported by Fedor Mesinger, NOAA

Error reported by Jerry Davis, North Carolina State University, 10/14/02
6 CoordinateTransformations

The Sigrna-z Coordinate System
Terrain-following coordinate systems that are a function of z have been used
extensively in regional' and mesoscale models (e.g., Mahrer and Pielke 1975;
Colton 1976; Blondin 1978; Yamada 1978a) in which the hydrostatic assumption
has been applied and in mesoscale models in which the hydrostatic assumption
has not been made (e.g., Gal-Chen and Somerville 1975a, b; Clark 1977; Pielke
et at. 1992; Shi et ai. 2000).

6.3.1 The Hydrostatic

Assumption Derivation

In developing hydrostatic model equations, investigators have generally
applied the chain rule separately in the vertical and horizontal dimensions
(using the hydrostatic relation). Using the terrain-following coordinate system
defined by
Z -ZG

O"=S-,

(6-48)

S -ZG

for example,where s is a constantand zG is a function of x and y, application
of the chainrule to the hydrostatic relation given by Eq. (4-40) yields

Should be Eq. (4-41)

~ = -~~.
iJu

s

(J

(6-49)

Applying the chain rule separately to Eq. (4-41) is appropriate if the hydrostatic
assumption is exactly satisfied. However, the invariance of the physical representation is lost if the assumption is not exact, as discussed by Dutton (1976:242),
since a correct tensor transformation is required. When the horizontal scales are
m~ch larger than the vertical scales of motion, the hydrostatic relation is very
closely satisfied, and such a separation of the vertical and horizontal equation
may be justified. By making the hydrostatic assumption before the coordinate
transformation, however, significant insight into the effect of the change of coordinates on the form of the physical invariance of the conservation relations in
the transformed system cannot be evaluated. To provide such insight, it is necessary to use the methods of tensor analysis to transform coordinate systems,
and then to invoke a more general form of the hydrostatic assumption. A more
in-depth understanding of the coordinate transformation is then obtained.
To examine the effect of using the hydrostatic assumption in Eqs. (6-40),
(6-41), and (6-42), Eq. (6-48) is defined as the generalized vertical coordinate.
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6 Coordinate Transfomtations

The velocity vector V, can be expressedas (Pielke and Cram 1989)

V = Ui1]i=UiTj=ui+vj+wk,
---:--:- V=UI'+U2l+U3

[ I ( --+J
u-s
-:-

s-ZG

[ (

-:- - --+U
S-U
V--I = U l+k
sail

) azG ]

Should be tau_i not tau_j

-( s
) azG -:-( -_u-s ) azG
)]
a +k -,
ax
s-ZG
Y
s-zG
[J+k
-:- - ( S-U
-.(6-53)
) azG]
-z

s

ail

+U3k(
~).
The velocities Ui and ui are the covariantand contravariantcomponents,respectively, and are given by
-I
U
= U,

-z
U
= v,

OZG

-+woy

(S -ZG
s
).

Therefore,the vectors in Eq. (6-53) can be rewritten in tenns of the Cartesian
quantitiesas

(6-55)

Figure 6-4 shows the vector V presentedin the Cartesian.covariant.and contravariantforms for a two-dimensionalcase.

Error reported by Jerry Davis of North Carolina State University,
10/20/2002
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7.1 Basic Terms

substituting Eq. (7-7) into Eq. (7-6) yields
g ao

Rf = Ke --Km
00 az

-&

/ [

/[
!. ~

Km 00 az

'au'

~)"

, az

,.

,aZ)
, au' 2-

I' r-

)2 +

Ke

,az,

-I,

R
"

(7-8)

-Km

whereRi is called the gradient Richardsonnumber.The sign of Ri is determined
by the sign of the lapse rate of potential temperature.Thus the following
conditionsapply:
.Ri > 0 con-esponds
to ao/aZ? 0, which indicatesa stably-stratifiedlayer.
.Ri = 0 con-espondsto ao/ az = 0, which con-espondsto neutral
stratification.
.Ri < 0 con-espondsto ao/ az < 0, which indicates an unstablystratified
layer.
Theory(e.g., Dutton 1976:79)indicates that when Ri is greaterthan 0.25, the
stablestratification sufficiently suppressesturbulenceso that the flow becomes
laminar,evenin the presenceof meanwind shear.This value of Ri is called the
critical Richardsonnumber.
The unstable-stratifiedlayer itself is broken down into two regimes:
.IRiI ::: I, where the shear production of subgrid-scalekinetic energy is
important(a regime referredto asforced convection).
.IRil > I, where the shear productionbecomesunimportantrelative to the
buoyantproduct of subgrid-scalekinetic energy(a regime calledfree convection).
The characteristicsize of turbulenteddies in the atmosphereare larger during
free convectionthan underforced convection.Brutsaert(1999)providesa recent
review of boundary-layerturbulenceduring free convection. should be m/s
As reported in Turner (1969), the intensity of turbulencenear the ground
canbe estimatedstraightforwardlyusing a wind speedof 10 m, incoming solar
radiation,cloud cover, and time of day. The stability classificationschemediscussedby Turner forms the foundationof most air quality assessments
on the
mesoscalein the United Statestoday. Unfortunately, although the dispersion
estimateswere developedfrom observationsof diffusion over flat, horizontally
homogeneousterrain, Gaussianplume models using these estimatesare being
applied for a wide range of mesoscalesystemsthat are neither flat nor homogeneous.As reported by the American Meteorological Society in a position
paper(AMS 1978),over flat, horizontallyhomogeneousterrain,Gaussianplume
models probably give estimatesof downwind plume concentrationswithin a

~
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10 Methods of Solution

By a Taylor seriesexpansion,
sin kdx = kdx Thus, when kllx « 1,2Eq. (10-4) can be written as
cPi+J -cPi-l

2~x

kdx
/ ~OX ""'k~x

10.1 Finit Difference
Scheme~

Reported by
Jerry Davis,
North Carolina
State University,
5/27/02

...

0.5

= J.

\i

0

rp

-0.5

Sincek = 21TI L, writing L in termsof the grid spacingL = n~x, wheren is
the numberof grid points in one cycle of the cosinefunction, k~x « 1 requires
that 21TIn « 1 or n » 1. In other words, the cosine wave must have a very
long wavelengthfor its derivativeto be representedaccuratelyby Eq. (10-2).
In contrast,if L = 2~x, then

(a)

cP.i+1
'
sin 1T
2~X<l>,-,
/ -~~ :: -;= 0,
so that the representationgiven by Eq. (10-2) fails to resolvea feature that has
a wavelengthof two grid increments.Examplesof a longwaveand a shortwave
are given in Figure 10-2.
Thus the representation
of the derivativeof a function using values at neighboring grid points provides very poor representationsof short wavesrelative
to the grid mesh Ax, whereaslonger wavesare reasonablywell resolved.The
ability, or lack thereof, of a numericalschemeto resolve featuresof different wavelengthsproperly is a crucial considerationin the use of a numerical
approximationscheme.
The linear stability of Eq. (10-1) can be evaluatedusing the techniquesfor
representingwavesin terms of complexvariablesintroducedin Chapter5.3 As
discussedthere,a dependentvariable <1>,
for example,canbe representedas

~ 0

I

is not in
abIes.

f

Th

constant

temporal independent variables can be written as

x = ndz

and

t = rAt,

so that Eq. (10-5) can also be written as
<f>(x,t) = <f>(nAx,TAt) = cj,(k, w)ei(knllx+"'Tllt)

form,

U,

since

j

therefo
so

that

the

I
1

<f>i+1.

(10-5)

where «f;, lc. and U) can be complex. In a numerical model, the spatial and

Should be n delta x

inear

procedure,
Iue

-,ti'
cf>(x, t) = cj;(k, w)ei(kx+wt)

(b)

Fig. 10-2.1 Centered finite' 11 t
wave and (~) a 2Ax wave.

(lO~6)

As discussedin Chapter5, to usethe formulationgivenby Eq. (10-5) in a differential equation,it is necessaryto linearizethe equation.As written,Eq. (10-1)

This diffe ence equationhas
of cf>at ti e T are known;
The finite difference represe
time, cent red in space.
At this oint, it is usefulto
the comp tationallinearstabi
eventhe I nearizedform of
solutions. Therefore,investig
relations. imple numerical a
given by .(10-7), are ex
conservati n relations.Numer
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10 Methods of Solution

Other investigators have also suggested improved techniques to conserve
mass. These include Galperin and Kastrel (1998), Walcek and Aleksic (1998), I
and Walcek (1999a, b). The latter papers provided their Fortran code, a publi- I
cation procedure that should be encouraged.

10.1.2 Subgrid-ScaleFlux
As shownby Eq. (7-7), the subgrid-scalecorrelationtermscan be represented
as the product of an exchangecoefficient and the gradientof the appropriate
dependentvariable.This relation can be written as, for example,

~ = ~K~
iJt

iJz

-1 should be subscript
i-1 as in last term of
Eq. (10-26)

~ <jJr+~
Llt

iJz

= K .c/Jr+l
-c/Jr
:;-!
(~'-+

J

c

Ki-!

(~Z)2'

(10-25)

where ~z = z(i + 1) -z(i) = z(i) -z(i -1) and cPrepresentsanyone of the
dependentvariables.This equationis often referredto as the diffusionequation.
To studythe linear stability of this scheme,the exchangecoefficientis assumed
to be a constant(Ki+I/2 = Ki-I/2 = K) and Eq. (10-25)is written as
,J T-j-!..I.T
-.'
<Pi

= 'l'i +K~

~t

I -2cPJ + cPJ-I)'
( ..I.T
'l'i+

(10-26)

The exact solutionto the diffusion equation[the left side of Eq. (10-25) with
K equalto a constant,i.e., a~/at = K a2~/az2]can be determinedby assuming
~ = cPoei(kz+..t)
= cPoe-"jtei(krz+..rt)
,
where damping in the z direction is not permitted (i.e., kj = 0).
this expressioninto the linearized diffusion equationand simplifying yields
ill)

r,-ll).

=

-Kk2

,

where the subscript "r" on k has been eliminated to simplify the notation. Equating real and imaginary components shows that (JJr= 0, so the exact solution can 1
be written as
c;; = c/>Oe-Kk2t
eik2.

Expressingthe dependentvariablesas a function of frequencyand wavenuffiher,Eq. (10-26) can be rewritten as
,
1/11
= 1 + y(I/I1 -2 + 1/1-1)= 1 + 2y(coskAz -1),

